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$e%%e. PREFACE.

THE following compilation originated in the belief
~ that odr schools are in want of a treatise on surveying,
adapted to the methods practised in this country, and
_freed from the defects of the systems now in use.
Notwithstanding the importance of the science, and
the large ‘number that make it an object of study, i
is helieved we %hre not in possession of a treatise on
this subject, suited to the wants of the student. The
works of Gibson and Jess are the only ones at present
in general use; the former, thongh much the better of
the two, is deficient in many respects. It may be suffi.
cient hére, ‘merely to advert to its want of examples,
which renders it entirely unsuitable for a school book.
From the latter, the student would in vain expect to
become acquainted with the principles of the science,
or the rationale of any of the rules, necessary in per.
formlng the varlous calculatnons *

-2 4244 RHP
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’ ® Bach of these works has lately gone through a new edition, in which
eonslderable additions are stated to have been made. On examination,
“however, it does not appear, that those nddmonl are such as to supply
the deficiences. -

The additions made to Gibson, consist prmclpally of some muucd prob.
lems, quite foréign to a treatise on Surveying. Those made to Jess, con-
sist of a few extracts from Gibson, in one of which the Pennsylvania method
of calculation is introduced, as being quite different from that given by
Jess ; whereas it is well known to be the method given by that author, and

. ﬂsed'asweumthoprecedmg.umtheaubnqmtpmofhuwork.

A



PREFACE. v

to make himself well acqnainted with Geometry, and-

also with Algebra, previous to entering on the study
of Surveying. Furnished with these useful auxilia-
ries, and acquainted with the principles of the science,
the practitioner will be able to perform with ease, any
 thing likely to occur in his practice.
The compiler thinks proper to acknowledge, that
in the arrangement of the work, he availed himself
of the advice of his learned preceptor and friend
E. Lewis, of New-Garden; and that several of the
demonstrations were furnished by him, .

\

J. GUMMERE. .

West-town Botlzrdiug School,
First Month, 31st, 1814.
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OF LOGARITHMS.

LdeAm‘rnMs are a series of ’nun‘ibets.so co;i@rivq’ad, that
by them the work of multiplication is performed by addi-
tion, and that of division by sybtraction.

If a series of numbers in' arithmetical progression be
placed as indices, or exponents, to a series of numbers
in geometrical progression, the sum or difference of any
. two of the former, will answer to the product or quotient
of the two. corresponding terms of the latter. Thus, .

0. 1. 2. 8. 4 8. 6. 7. &ec. arith. series, or indices.
1. 2. 4. 8. 16. 32. 64. 128. &c. geom. series.

Now 2+3= 5. "also Y—3= 4,
And 4 x 8 =32, and 128 -8 =16.

Therefore the arithmetical series, or indices, have the
same ptroperties as logarithms ; and these properties hold
true, whatever may be the ratio of the geometrical series.

There may, therefore, be as many different systems of
logarithms, as there can be taken different geometrical
series, having unity for the first term. But the most con-

B



C

: LOGABITHMS. ' 4
Number 18960 Logarithm 4.9778%

1908 8778

¢ . 41898 ’ 2.37784
o 4806 - ’ 1.2784
1.806 © 0.27784

N .1896 -~1.27784
01896 - «-8.2778%

¢001896 : -i-3 27784

’f
The method of fAnding logaﬁ&n‘ns in the tables, and
of multiplying, dividing, &c. by them is contained in
the following problems. g ‘

) - PROBLEM L
o find the logarithm of a given number.

If thie given number consist of one or two figures only,

. find it in the column marked V. in the first page of the

table, and against it in the next ¢olumn, marked log. is
the logarithm. Thus the log. of 7 will be found 0.84510,
and the log. of 85 will be found 1.92942.

But if -the given number be, either whelly or in part,
decimal, the index must be changed accordingly. Ob-
serving that the index must always be one less, than the
number of figures in the integral part of the given num-

‘ber; also, when the given number is wholly a decimal,

the index is negative, and must be one more than the
number of the cyphers between the decimal point and
first signiieant figure on the left hand. 'Thus the log.
of .7_is —1.84510, and the log. of .0085 is —3.92042.

If the given number consist of three figutes, find it in
one of the ether pages of the table, in the column marked

[



12 : LOGARITHMS,

No. and against it, in the next column, is the decimal
part of the logarithm. The index must be placed before it
agreeably to the above observation. Thus the log. of
421 is 2.62428, the log. of 4.21 is 0.62428, and the log.

of. 0421 is —R.62428.

If the given number consist of four ﬁgures, find the
three left hand ones in the-column marked No. as before,
and the remaining or right hand figure at the top of the
table; in the column under this figure, and against the
other three, is the decimal part.of the logarithm. Thus
the log, of 5163 is 3.71290, and the log. of .6887 is
~—1.80530.

If the given number consist of fiye or six figures, find
the logarithw of the four left hand figures as before ; then
take the difference between this logarithm and the next
greater in the table. Multiply this difference by the re-
maining figure or figures of the given number, and cut
off one or two figures to the right hand of the product,
pccording as the multlpher consists of one or two figures; -
then add the remaining figure or figures of the product
to the loganthm first taken out of the table, and the sum
will be the loganthm requlred Thus, let it be reqmred

to find the logarithm of 59686; then,

Logarithm of 5368 is . 77583

The next greater log. is 77590
" Difference = - - - "7
Remaining figure - - 6
Product - . - 4,2
" To - - - . w583
Add - - - . 4

Decimal part of the log. - 775687
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43

The natural number consisﬁng of five integers, the in-
- dex must be 43 therefore the log. of 59686 is 4.77587.

" Again, let it be reqmred to find the log. of .0131755

then,

Logarithm of 1317 .- 11959
The next greater log. is - 11991
 Difference - - - 32
Remaining figures - - 55
Product - - - 17,60
To - - - - 41959
Add - - e . 18%
Decimal part of the log. o 11977

As the given number is a decimal, and has one cipher
between the decimal point and first gignificant figure,
the index must be —2; . therefore the log of 0481755 is

'® Because 17.6 ig nearer 18 than 17,

—R.A41977.
EXAMPLES.

1. Requn-ed the log. of 4.3 Ans. 0.63347
2. Required the log. of - - 7986~  Ans. 3.90233
8. Required the log. of - .8754 Ans. -1.57449
4. Required the log. of  596.87 Ans. 277588
5. Required the log. of 785926 Ans. 5.89538
6. Required the log. of 6543900 -~  Ans. 6.81583
7. Required the log. of .0027863 Ans. -8.44503
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14 LOGARITHNMA.
PROBLEM 1L
To find the natyral number corresponding to a given
logarithm.

If four figures enly be required in the answer, look
in the table for the decimal part of the given logarithm,

' and if it cannot be found exactly, take the one nearest

to it, whether greater or less; then the three figures in
the first column, marked MNo. which are in a line with
the logarithm found, together with the figure at the top
of the table directly above it, will form the mumber re-
quired. Observing, that when the index of the given lo-
garithm is affirmative, the integers in the namber found
must be one more than the number expressed by the in-
dex; but when the index of the given legarithm is nega-
tive, the number found will be wholly a decimal, and
must have one cipher less placed between the decimal
point and first significant figure on the left hand, than the
namber expressed by the index. Thus the astural num.
ber corresponding to the logarithm 2.90233 is 798.0, the
natural number corresponding to the logarithm 8.77055
is 5896, and the natural mumber corresponding to the
logarithm —3.36361 is .00231.

If the exact logarithm be found in the table, aud the

| figures in the number corresponding do net exceed- the

fndex by ome, annex eiphers to the right hand till they
#o. Thus the natural namber correspending te the loga-
rithm 6.64069 is 4372000,

If siz figures be required in the answer, find, in the
table, the logarithm next less than the given one, and
take out the four figures answering to it as before. Sub.
tract this logmthm from the next greater in the table,

and also from the given one; divide the latter difference,
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with two ciplers annexed to it, by the former; annex
the, quotient to the rlght hand of the four figures already
found, and it will give the natural number required.

Thus, let it be required to find the natural number cor- -
responding to the logarithm 4.59859; then,

Given logarithm -  .59859
Nextless - - 59857, the natural number an-
swering to it is 3968.

Diff. with two ciphers annexed 200

Nextlesslog. - 59857
Next greater - 59868

Diff. - - - 11

Divide 200 by 11, and the quotient will be 18, which
annexed to the right hand of 3968, the four figures alrea-
dy found, makes 396848; therefore as the index is 4, the
required natural number is 39681.8.

EXAMPLES.

1. Required the natural number answering to the lo-
garithm 1.88080. Ans. 75.91.

2. Required the natural number answermg to the lo-.
. garithm 5.87081. Ans, 234861.

3. Required the natural number answering to the lo-
garithm 8.44977. Ans. 41317.56.. :

4. Required the natural number answering to the lo-
garithm -2.97485.  Ans. 094265

PROBLEM IIL

To maltzply numbers, by means of logarithms.

. Case 1.—~When all the factars are whale or mixed
.numbers



16 ' LOGARITHMS.
RULE. 1

Add together the logarithms of the factors, and the
sum will be the logarithm of the product.

ﬁXAMPLES‘
1. Required the Broduct of 84 by 56.

" Logarithm of 84 is - 1.92428
do of 56 is - 1.74819

Product 4704 - Sum 3.67247°

. 2. Required the ‘continued product of 17.3, 1.907
and 34.

. Logarithm of 17.3 is 1.23805 '

do 1.907 is  0.28085
do 34. is 1.53148
Produet 112471 ©  Sum 3.04988

3. Find by logarithms the produet of 76.5 by 5.5.
Ans. 420.73.

4. Find by loganthms the continued product of 42.35,
1.7364 and 1 76 Ans. 129 424, o

CasE. 2.—When some or all of the factors are deci-
~ mal numbers. o
. RULE.

Add the decimal parts of the logarithms as before, .
and if there be any to carry from the decimal part, add
it to the affirmative index or indices, or else ‘subtract it
from the negative.

Then add the indices together, when they are all of
the same kind, that is all affirmative or all negative ; but
when they are of different kinds, take the difference be-
Aween the sums of the affirmative and negative ones, and
prefix the slgn of the greater. .
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Note.—When the index is affirmative, it is not ne-
cessary to place any sign before it; but when it is nega-
tive, the sign must not be omitted. ;

EXAMPLES.

1. Required the continued prodnct of 349.17, R5.48, -
.93524 and .00576. .

Logarithm of 349.17 is 2.54303

do 2543 is 1.40533
do - 93521 is -1.97090
do 00576 is -3.76042

Product 47.83 Sum 1.67970

In this example there is 2 to carry-from the decimal
part of the logarithms, which added to 3, the sum of the
affirmative indices, makes 5; from this taking 4, the sum
of the negative indices, the remainder is 1, which is the
index of the sum of the logarithms, and is affirmative,
because the sum of the affirmative indices together with
the number carried, exceeds the sum of the negative
indices.

v .

2. Reqmted the contmued product of .0839, .7536,

und .003179.

Logarithm of .0839 s -2.92376
’ do 7536 is ~1.87714
do 003179 is -3.50229

Product .000204 Sum —4.30319

In this example there is 2 to carry from the decimal
part of the logarithms, which subtracted from 6, the sum
e ‘



18 LOGARITHMS.

of the negative indices, leaves 4, which is the index of
the sum of the logarithms, and is negative, because the
sum of the negative indices is the greater.

8. Required the continued product of 13.19, .3765,
and .00415. Ans. .02061.

4. Required the continued product of 343, 1.794, 5.44
and .019. "Ans. 63.25. -

PROBLEM 1V.

1

To divide numbers by means of logarithms.

o Cask 1. When the dividend and divisor are both whole
Lo or mixed numbers.

' ' RULE. '

From the logarithm of the dividend, subtract the lo-
i garithm of the divisor, the remainder will be the loga-
rithm of the quotient.

Note.—When the dwxqor exceeds the dmdend, the
question must be wrought by the rule given in the next

. :
T P i ¢ - -

i case.
ie
i EXAMPLES.
e 1. Required the quotient of 3430 divided by 3.
Logarithm of 3450 is 38.53782
do 23 is 1.36173
. " Quotient 150 Remain. 2.17609

2. Requned the quotient of 420.75 divided by 76.5.
Ans. 5.5
3. Required the quotient of 37.1543 divided by 1.73958
. Ans. 21,8585,
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Case 8. When the dividend or divisor, or both of
them, are decimal numbers. - :

RULE.

Subtract the decimal parts of the logarithms as before,
and if 1 be borrowed in the left hand place of the deci-
mal part, add it to the index of the divisor when that
index is affirmative, but subtract it when negative.

Then conceive the sign of the index of the divisor
changed from affirmative to negative, or from negative
to affirmative; and-if, when changed, it be of the same
name with that of the dividend, add-the indices together;
but if it be of a different name, take the difference of the
indices and prefix the sign of the greater.

FXAMPLES.

1. Required the quotient of 75691 divided by 3®.147.

Logarithm of 7591 is -1.88030
do 32147 is 1.50714

Quotient .02364 Remain. —2.37316

In this example the index of the divisor, with its sign
changed, is —1, which added to —1, the index of the
dividend, makes —2, for the index of the quotient.

2. Required the quotient of .63153 divided by .00917.

Logarithm of .63153 is -1.80039
do ‘ 00917 is -3.96237

Quotient 68.8653 Remain. 1.83802
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In this example there is 4 to carry from the decimal
part of the logarithm, which subtracted from —3, the
index of the divisor, leaves —2; this with its sign
changed is +2; from which subtracting 1 the index of
dividend, the remainder is 1, and is affirmative because
the affirmative index is the greater.

3. Required the quotient of 13.921' divided by 7965.13.

Logarithm of 13.921 is 1.14367
do 7965.13 is 3.90125

“Quotient .001748 Remain. —3.24242

In this example there is 1 to carry from the decimal
part of the logarithm, which added to 8, the index of
the divisor, makes 4; this with its sign changed is —4;
from which subtracting 1, the index of the dividend, the
remainder is —3.

4. Required the quotient of 79.85 divided by .05178.
Ans. 1532.48.

5. Required the quotient of .5903 divided by .931.
Ans. 63404.

PROBLEM V.

To involve @ number to any power; that is to find the
square, cube, &'c. of a number logarithmically.

RULE.

Multiply the logarithm of the given number by the
index of the power, viz. by 2 for the square, by 3 for
the cube, &c. and the product will be the logarithm of
the power. ‘
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Note.—When the index of the logarithm is negative,
if there be any to carry from the decimal part, instead
of adding it to the product of the index and multiplier,
subtract it, and the remainder will be the index of the
logarithm of the power, and will always be negative.

EXAMPLES.

1. Required the square of 317.

" Logarithm of 317 is 2.50106
‘ 2

Square 100489 5.00212

o]

Required the 5th powér of 1.736.

‘Logarithm of 1735 is 0.23930
: 5

5th power 15.7248 1.19650

3. Required the cube of .08764.

Logarithm of .08761 is . -2.04255
| © 8

Cube .000672% —4.82765

4. Required the cube of 7.503. Ans. 422.37.
5. Required the 7th power of .32513. Ans. .000384.
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PROBLEM VL.
To extract any root of a number logarithmically.

RULE.

Divide the logarithm of the given number by the index
of the root, that is by 2 for the square root, by 3 for the
cube root, &e. and the quotient will be the logarithm of
the required root. °

Note.—When the index of the logarithm is negative,
and does not exactly contain the divisor, increase the
index by a number just sufficient to make it exactly divi-
sible by it, and carry the units borrowed, as so many
tens, to the left hand figure of the decimal pait; them
proceed with the division in the usual manner.

EXAMPLES.

1. Required the cube roet of 391;27.

3)
Logarithmr of 391.27 is  2.59248
Cube root 7.314 "~ 0.86416

2. Required the square root of .08593.
- 2).
Logarithm of .08593 is —2.93414

Square root .29314 —1.46707
3. Required the cube root of .7596.
8)
Logarithm of .7596° is —1.88058

Cube root .912% —1.96019
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4, Required the cube root of .0000613.

. 8)
Logarithm of .0000613 is —5.79746

-Cube root .03943 —2.59582

5. Required the square root of 365. Ans. 19.105.
6. Required the 5th root of .9563.  Ans. .9911.
7. Required the 4th root of .00079. Ans. .16765.

Of the arithmetical complements of logarithms.

‘When it is required to subtract several logarithms from
others, it will be more convenient to convert the subtrac-
tion into an addition, by writing down, instead of the
logarithms to be subtracted, what each of them wants of
10.00000, which may readily be done, by writing down
what the first figure, on the right hand, wanis of 10, and
what every other figure wants of 9; this remainder is
called the Arithmetical Complement. 'Thus, if the lo-
garithm be 2.53061, its arithmetical complement will be
7.46939. If one or more figures to the right hand be
ciphers, write ciphers in their place, and take the first
significant figure from 10, and the remaining figures from
9. Thus, if the logarithm be 4.61300, its arlthmetlcal
complement will be 5.38700.

In any operation, where the arithmetical complements
of logarithms are added to other logarithms, there must
be as many 10’s subtracted from the sum, as there are
arithmetical complements used.
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As an example, let it be required to divide the pro-
duct of 76.4 and 35.84, by the product of 473.9 and
4.7

439 - -  Ar. Co. 7.82431

476 . Ar. Co. 9.32239
884 - - - log 1.55437
v64 - . log. 1.88309

Quotient 1.214 0.08+16
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©  GEOMETRY.

| DEFINITIONS.

— 1. GeoMETRY is that science wherein the propertles of
aagnitude are consulered .

— ®. A point is that which has pos1t10n, but not mag-
nitude. .

—-8. A line has length but not breadth.

~- 4. A straight, or right line; is’ the shartest line that
can be drawn between any two points :

5. A superficies or surface has length and breadth, but
wot thmknesg.

6. A plane superﬂcles is that in which any two points

' lpemg taken, the straight line between them lies wholly

in that superficies.

. A plane rectilineal angle _i; -the inclination of two
straight lines to one another, which meet together, but
are not in the same straight line, as A, Fig. 1.

Note.—When several angles are formed about the -

same point, as at B, Fig. 2, each particular angle is ex- -

pressed by three Ietters, whereof the middle letter shows
the angular point, and the other two, the lines that form
the angle; thus, CBD or DB O signifies the angle form-
ed by the lines CB and DB.

D
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8. The magnitude of an angle depends on the incli-
nation that the lines whlch form it have to each other,
‘and not on the length of “those lines. Thus the angle
DBE is greater than the angle AB®, Fig. 8.

9. When a straight line C D stands ont another straight
line AB 8o as to incline to.neither side, but makes the
angles on each side equal, then those angles ADC and
BDE are called right angles, and the line CD is said
to be perpendicnlar to AB, Fig. 4. .

10. An acute angle is that which is less than a right
angle, as BDE, Fig. 4.

i 44. An obtuse angle is that which is greater than a
nght angle, as ADE, Flg 4.

1" Parallel straight lines dre such as are in the same
piane, and which, being produced ever o far both ways, )
do not meet, as AB, CD, Flg 5.

13 A ﬁgure isa space bounded by one or mere lines.

14. A plane triangle is a figure bounded by three
stralght llnes, ag ABC, Flg 6. :

-15. An equilateral tm.nsle has its three sides equa.l
to eaeh other, as A, Fig. 7. '

- 46, An isosceles. trxangle has only two of lts sides
: equal, as B, Flg

17. A sealene trmngle has three unequa.l sides, as
ABC Flg 6.

. 48. A right. atrgled triangle has one right angle, as
ABO, Fig. 9: in which the side AC opposite to thy
fight angle is ea‘lled the hy;mthenuse. ‘

s -
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9. A1 obtuse angled triangle has gne obhise angle,

as C, Fig. 10.

20. An acute angled tna.ngle has all its wg\es n.cuh,
as QBG Fig. 6.

24. Acute and obtuse angled triangles are called
oblxque angled triangles.

T

22. Any plane figure bounded by four nght lines, - is

, talled a quadrilateral,

23. Any quadrilateral, whose opposite sides are paral-
lel, is called a parallelogram, as D, Fig. 11..

#4. A parallelogram, whose angles are all right, is
called a reetangle, as E, Fig. 12.

5. A pmllelogam whose sides are all equal, and .

- ‘angles right, is called a square, as F, Fig. 13.

~26. A rhomboides is a parallelogram, whose opposite
sides are equal and angles oblique, as D, Fig. 11.

27. A rhombus isa parallelogram, whose sides are all

, equal and angles oblique, as G, Fig 14,

'28. Any quadrilateral figure that is not a parallelo-

gram, is called a trapezium.

20. A right line joining any two opposxte angles of a

quadrilateral figure, is called a dlagonal.

" 80. That side AB upon which any parallelogmm.
ABEQ, or triangle ABO is supposed to stand, is call.

S . -ed the base; and-the perpendlcular CD falling thereon

F

from the opposite angle C, is called the altitude of the
paralle}ogram, or triangle, Fig. 15.



2B . . GEOMETRY.

31, A.ll plane figures contained under more than four
sides, are_called polygons; of which those having five
sides, are called. pentagons those having six sides,
hexagons, and so on.

"82. A regular polygon is one whose angles, ‘as well
as sides, are all equal.

83. A circle is a plame figure, bounded by one curve
live ADEB, called the circumference or periphéry,
every part of which is equally distant from a certain point -
C within the circle, and this pomt is called the centre,
Flg 16.

34: The radius of a circle is a straight line drawn
- from the centre to the clrcumference, as OB, Flg 17.

30. The diameter of a circle is a straught hne dnwn
through the centre, and terminated both ways by the cir-
cumference, as AE, Fig. 17. It divides the circle into
two equal ‘parts, called semiciroles.

36‘ A quadra.nt is one quarter of a cu'cle, as ACB,
Fig. 1’7 ’

JV'ote --—The fourth part of the enmnmference of a cir-
cle, is also called a quadrant. .

37..A segment of a circlp isthe figure contained by a
right lidie, 'and. the part of the circumference it cuts off :
thus AEBA and AED A are segments of the cirele .
. ABED, Flg 16 Lo : '

-

38 An are of a cn-cle is any parts of the carcnmference, _
as ADor DE, Fig. 17 .

-9 -

- . - . ‘.‘
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GEOMETRICAL PROBLEMS.

———

PROBLEM 1.
Mo bisect a right line, AB, Fig. 18.
Open the dividers to any distance more than half the

' '- line A B, and with one foot in A, describe the arc © F D;

with the same opening, and one foot in B, describe the

" are 0 GD, meeting the first arc in C and D} from C to

D draw the right line CD, cutting AB in E, which will
be equally distant from A and B.

PROBLEM 11

- i a given point A, in a right line EF, to-erect a

. perpendicular, Fig. 19.

From the point A, lay off on each side, the equal is-

tances AC, AD; from C and D, as centres, with any

interval greater than AC or AD, deseribe two arcs in-
tersecting each other in'B; from A to B, draw the line
AB, whieh will be the perpendxcular reqmred

PROBLEMIIT. 'f '

To raise’ the peqaendwulur on ﬂweml B qf a right .
lme AB, Flg 20. " ,

s -~

Take. any point’ ]) not in the hne AB and mth the
d;stmco from Dto B, deseribe a.cxrcle cutting ABinE;’

€
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from E through D draw the right line ED C, cutting thé
periphery in C, and join CB, which will be perpendicu-
lar to AB.

PROBLEM IV.

o let fall o perpendicular upon a gives line BC;
~ from a given point A, without it, Fig. 1.

In the line B C-take any point D, and with it as a cen-
tre and distance DA describe an arc AGE, cutting
BC in G, with G as a centre, and distance G A, describe
an arc cutting AGE in E, and from A to E draw the
line AFE; thea AF will be perpendicular to AB.

PROBLEM V.

Throigh a gwen point A fo draw a right lzne AB,
parallel to a given right line CD, Fig. 22.

From the point A to any point F, in the line CD, draw
the right line AF; with F as a centre and distance FA,
describe the arc AE, and with the same distance and
centre A describe the arc F G ; make F B equal to AE,

“ and through A and B draw the line AB, and it will be
paralldl to CD. '

PROBLEM V1.

At a given jaoint B, in a given right line LG, to make-
ai angle equal to agi'ven angle A, Fig. 23.

With the centre A and any distance AE describe the
. are DE, and with the same distance and centre B de-
seribe the arc F6; ; make HG equal to D E, and through
B and H draw ‘the line BH ; then will the angle EBG
be equal te the a.n«rle A,

L

)
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' PROBLEM VIL
- o bigect any right lined angle BAC, Fig. 24.

in the lines AB and AC, from the point A set off
gqnal distances AD and A E; with the centres D and E

" and any distance more than half D E describe two arcs

cutting each other in F; from A through F draw the -

line A G, and it wnll blsect the angle BAC.

PROBLEM VIIL

To make o triangle of any three vight lines D, E
and F, of whick any two together must be greater than
ﬂw third, Fig 25.

Make A B equal to D; with the centre A and distance
equal to E, describe an arc, and with the centre B and
distance equal to F describe another are, cuttmg the
former.in C; draw AC and BC, and ABC is the tri-

- angle reqmred

PROBLEM IX.
Upon a given line AB to describe a square, Fig. 26.

At the end B of the line A B, by problem 3, erect the
perpendicular BC, and make it equal to AB; with A
and C as centres, .and distance AB or BC describe two
arcs cutting each other in D; draw AD and CD, then
will ABCD be the squa're required. ‘

PBDBLEM X.

B b deacri)eactrde that shell pass through ihe an-
gulwrymmA,BaudC,d'aMgk ABC, Fig. #7.
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By problem 4, bisect any two of the sides, as AC,
BGC, by the perpendieulars DE and FG; the point H
where they intersect each other will be the centre of the
circle; with this centre and the distance from it to either
of the points A, B, or C, describe the circle.

PROBLEM XI.

To divide a given right line AB into any number of
equal parts, Fig. 28.

Draw the indefinite right line A P, making any angle
wite AB, also draw BQ parallel to AP, in each of
which, take as mapy equal parts AM, MN, &c. Bo, on,
&ec. as the line AB is to be divided into; then draw
Mm, N»n, &e. mtersectlng ABin E F, &c. and it is
done.

PROBLEM XIL

To make a plane diagonal' scale, Fig. 29.

Draw eleven lines parallel to, and equidistant from
each other; cut them-a right angles by the eqmdlstant
lines BC; EF; 1, 95 2,7; &ec. then will BC, &e. be
divided into ten equal parts ; divide the lines EB, and
F C, each into ten equal parts, and from the points of
division on the line EB, draw diagonals to the points of
division on the line FC: thus join E and the first divi-
sion on F C, the first division on EB and the second on

FC, &e.

JV‘ote.—Diagonal scales serve to take off dimensions
or numbers of three figures.” If the first large divisions
be units, the second set of divisions, along EB, will be
40th parts ; and the divisions in the altitude, along BC,
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. will be 100th parts.* If HE be tens, EB will be units,
* and BC will be 40th parts. . If HE be hundreds, BE

will be tens; and BC units. And so on, each set of di-
visions being tenth parts of the former ongs.

For example, §uppose it were required to take off 242
from the scale. Extend the dividers from E to 2 towards
H'; and with one leg fixed in the point 2, extend the
other till it reaches 4 in the line EB ; move one leg of
the dividers along tlie.line 2,7, and the other along the -

- line 4, -till they come to the line’ marked 2, in the lme
BC, and that wﬂl ‘give the extent requlred



PLANE TRIGONOMETRY.

Koam el

DEFINITIONS.

-

1. PLANE TRIGONOMETRY is the art by which, when
any three parts of a plane triangle, except the three an-
gles, are given, the others are determined.

2. The periphery of every cirele is supposed to be di-
vided into 360 equal parts, called degrees; each de-
gree into 60 equal parts, called minutes; and each
minute into 60 equal paris, called seconds, &ec.

8. The measure of an angle is the arc of a circle,
contained between the two lines that form the angle, the
angular point being the centre; thus the angle ABC,
Fig. 80, is measured by the arc DE, and contains the
same number of degrees that the arc does. The measure
of a right angle is therefore 90 degrees; for DH, Fig. 31,
which measures the right angle D CH is one fourth part
of the circumference, or 90 degrees.

Note.—The degrees, minutes, seeonds, &e. contained
in any arc, or angle, are written in this manner, 50° 18/
85"; which signifies that the given arc or angle contains
50 degrees, 18 minutes and 35 seconds.

4. The complement of an arc, or of an angle, is what
it wants of 90°; and the supplement of an arc, or of an
angle, is what it wants of 480°.



the arc AB or BD, Fig. 31.
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5. T'he chord of an are, is a line drawn from one ex-

tremity of-the are to the other : thus the line BE is the
chord of the are BAE or BD E, Fig. 81.

R The sine of an arc, is a nght line drawn from one
extremity of the arc, perpendicular to the diameter pass-
ing through the other extremity: thus BF is the sine of

w: The cosine of an arc, is that pa,rt of the diametey

 which is mtercepted between the sine and the centre :
"thus, CF is the cosine of the arc'AB, and is equal to

B1, the sine of its complement HB, Fig. 31.

8. Thé versed sine of an arc, is that part of the dia-
meter which is intercepted between the sine and the are:
thus AF is the versed sine of AB; and DF of DB,
Fig. 34.

9. The tangent of an arc, is a right line touching the
circlé in ane end of the arc, being perpendlcular to the

- diameter passing through that end, and is terminated by

a right line drawn from the centre through the other end:
thus A G is the tangent of the arc A B, Fig. 31.

10.- The secant of an arc, is the right line drawn from
the centre and terminating the tangent: thus CG is the
secant of AB. Fig. 31.

11. The cotangent of an are, is the tangent of the com-
plement of that arc ; thus HXK is the cotangent of AB.’
Fig. 31.

12. The cosecant of an arc, is the secant of the com-
plement of that arc; thus C K is the cosecant of AB.
Fig. 81.
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13. The sine, cosing, &e. of an angle is the same as
the sine, cosme, &e. of the arc that measures the an-

gle.
e P’ROBLEM L

To construct the lines of cbords, sines, tangehts, ‘and,
secants, to any radins. Fig. 82.

Describe a semicirele with any convenient . radius
CB; from the centre C draw CD perpendicular to
AB and produce it to. F ; draw BE parallel to CF and -
join AD. :

Divide the arc AD into nine equal perts.as'A, 10;
10, 20; &c. and with one foot of the dividers in A, trans-
fer the distances A, 10; A, 20 ; &ec. to the right line AD ;
then will AD be a line of chords constructed to every
ten degrees.

Divide BD into nine equal parts, and from the points
of division 10, 20, 80, &e. draw lines paraliel to CB,
and meetmg CD in 10, 20, 30, &c. and CD willbe a
line of sines.

From the centre C, through the divisions of the are
BD, draw lines meeting BE, in 10, 20, 30, &c. and BE
will be a line of tangents. .

"With one foot of the dividers in C transfer the dis-
tances from C to 10, 20, &ec. in the line BE, to the line
CF which will then be a line of secants.

By dividing the arcs AD and BD each into 90 equal
parts, and proceeding as above, the lines of chords,
sines, &e. may be constructed to every degree-of the
quadrant.
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’ ; S PROBLEMII

Lt a gwen point A, in a given mght lme AB, to
' malce an angle of any proposed number of degrees, sup-
pase 38 degrees. Fig. 33. '

With the centre A, and a radius equal to 60 degrees,
taken from a scale of chouls, describe an are, éutting
ABin m’; from the same scale of chords, take 33 de-
grees and apply it to* the arc from m to.n, and from A
through n draw, the line A 0, then will the angle A con-
tain 38 degrees. ) v

" Note.—Angles of miore than 90 degrees are usually
taken off at twice.

rROB‘LEM m

[ -

To measure a given angle A. Fig 34,

- Describe the arc mn with the chord of 60 degrees, as

in the last problem. Take the arc mn between the di-
viders, and that extent applied to the scale of chords,
will show-the degrees in the given angle.

Note.—When the distance mn _exceeds 90 degrees,
it must be taken off at twice, as before.
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OF THE TABLE OF LOGARITHMIC OR AR-
TIFICIAL SINES, TANGENTS, &

Tris table contains the logarlthms of the sine, tangent,
ec. to every degree and minute of the quadrant, the ra-
dius being 10000000000, and oonsequently its Jogarithm
10.,

. Tet the radius CB, Fig. 83,'be supposed to consist
of 410000000000 equel parts as above, and let the qua-
drant D B be divided into 5400 equal ares, each of these
will therefore contain 4'; and if from the several goints
of division in the quadrant, right lines be drawn per-,
pendicular to CB, the sine of every minate of the qua-
drant, to the radius OB will be exhibited. ~ The Tengths
of these lines being computed and arranged, in a table
eonstitute what is usually termed a table of natural sines.
The logarithms of those numbers taken from a table of lo-
garithms and properly arranged form the table of logari-
#hmic or artificial sines. In like manner the logarithmje
tangents and secants are to be understood. - -

The method by which the sines are computed is too
abstruse to be explained in this work, but a familiar ex-
position of this subject as well as the construction of lo-
garithms may be seen in Simpson’s Trigonometry.

To ﬁml by the table, the sine, tangent, &'c. of an arc
or angle.

If the degrees in the given angle be less than 45, look
for them at the top of the table, and for the minutes, in the
left hand column ; then in the column marked at the top
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of the table, sine, tangent, $c. - and againat, the minutes,
" is the sine, tangent &e. required. If the degrees are more

than 45, look for them at the bottom of the table, and for
, the minutes, in the right hand column ; then ip the co-
lunvh marked at the bottom.of the table, sine, tangent, &ec.
and agalnst ‘the mmutes, is the sme, ‘tangent, &c. re-
qulred v ‘

.

' Note. —The gine of an a,ngle and of its supplement
bemv the sam®, if the given number of degrees be aboye
90, sdbtra.ct them frqm 180°, and find the sine of the re-
mainder.

? Ll
-

EXAMPLES.

-

‘1. Required the sine of = 82° 2%  Ans. -9.72962.
2. Requinad the tangent of 57°39°  Ans. 10.1¢832.
3. What is.the secant of 89° 31’.  Ans. 12.07388,
4. Wha is the sine of w7° 48.  Ans, 9.67'885

ﬁml the degrees and minutes, correspondmg to a gi-
ven gine, tangent §'c,

Find, in the table, the nearest logarithm to the given
one, and-the degrees answering to it will be found at the
top of the table if the name be there, and the minutes on
the left hand; but if the name be at the bottom of the ta-
ble, the degrees must be found at the bottom, and the
minutes at the right hand. ‘

EXAMPLES.,

1. Required the degrees and minutes in the angle
. whose sine is 9.64390. Ans. 26° ',
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-2 Requirgd the degrees and minutes in- the mgle
whose tangent.is 10 47%64' Ans. 71° 28‘ .

-

ON GUNTEMS SCALE, .
GunTERs' Scale is ay instrament by which, with a
pair of dividers, the different cases in trxgonometry and
many other problems may be solved. P
It has on one side, dlagonal scale, and also the lines
of chords, sines, tangents and secants, with seyeral others.

On the other side-there are seveul logmthnncal lines
as follow: .. - . -

"The line of numbers marked Num., is numbeyed from
the left hand of the scale towards the right,- with 1, &,
3, 4, 5, 6,7,8,9, 1 which stands in the middle of the
scale; the numbers then goon %, 3,4, 5, 6,7, 8, 9,40
which stands at the right hand end of the seale. These
two equal parts of the scale are similarly divided, the
distances between the first 4, and the numbers 2, 8, 4,
&e. being equal to the distances between the jmiddle 1,
and the numbers 2, 3, 4, &c. which follow it. - The sub-
divisions of the two parts of this line are likewise simi-
lar, each primary division being divided into ten parts,
distinguished by lines of about half the length of the
primary divisions. .

The primary divisions on the second part of the scale,
are estimated according to the value set upon the unit on
the left hand of the scale: If the first 1 be considered
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as a unit, then the first 4, 2, 3, &ec. stand for.4, 2, 3, &c.
the middle 1 is 10, and the 2, 8, 4, &c. following stand
for 20, 30, 40, &c. and the 10 at the right hand for 100.
If the first 4 stand for 10, the first 2, 3, 4, &e. must be
counted 20, 30, 40, &c. the middle 4 will be 100, the
second 2, 3, 4, &e. will stand for 200, 300, 400, &c, and _
the 10 at the right hand for 1000.

If the ﬁrst 1 be considered as 5 of a unit, the 2, 3, 4,
&c. following will be %, %, 75, &c. and the middle 1,

" and the 2, 3,4, &ec. following will stand for 1, 2, 8, 4, &e.

The intermediate small divisions must be estlmated
accordmg to the value set _upon the prunary divisions.

Smes —The line of smes, marked Sin. is nnmbered
from the left hand of the scale towards the right, 4, 2, 8,
4, &c, to 10, then 20, 30, 40, &c to 90, where it termi-
nates just opposite 10 on the line of numbers.

Tangents.— The line of tangents, marked Ta. be-
gina at the left hand, and is numbered 1, 2, 8, &e. to
10, then 20, 30, 40, 45, where there is a brass pin, just
under 90 in the line of sines ; because the sine of 90° is
equal to the tangent of 45°. From 45 it is numbered to-
wards the left hand 50, 60, 70, 80, &c. The tangents of
arcs above 45° are therefore counted backward on the
line, and are found at the same points of the lme as the
tangents of their complements.

There are several other lines on this side of the scale,
as Sine Rhumbs, Tangent Rhumbs, Versed Sines, &e.;
but those described are sufficient for solving all the proh

~ lems in plane trigonometry.



4 PLANE FRIGONOMETRY.

. Remarks on Angles, Triangles, &c.
- \

4. If from 4 point D in a right line AB, one or more
right lines be drawn on the same side of it, the angles
thus formed at the point I will be together equal to two
right angles, or 180°; thus ADE + EDB = two right
angles, or 180°: also ADC + CDE + EDB = two
right angles, or 180°. Fig. 35.

2. Bince the angles thus formed at the point D, on the
other side of AB would also be equal to two right angles,
the sum of all the angles formed about a point is equal
to four right angles or 360.°

’

8. If two right lines cut one another, the opposite an-
gles will be equal : thus AEC=BED and AED=CEB.
Fig. 36.

4. The sum of the three ang les ofa plane triangle i is
equal to two nght angles, or 480°.

5. If the sum of two a.ngles ot‘ a triangle be subtract-
ed from 180°, the remamder wxll be the third angle.

- 6. If one angle of a tnangle be subtracted from 180°,
the remainder will be the sum of the other two angles.

%. In right angled triangles, if one of the acute angles
be subtracted from 90°, the remainder will be the other
acute angle,

’ . - . . [ ] - .
8. The angles at the base of an isosceles triangle are
equal to one another.

9. If one side of a triangle be produced, the external
angle will be equal to the sum of the two internal and op-.
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bOSite angles : thus the external ,angie CBD, of the tri-
angle ABC, is equal tothe sum of the internal and op-
posite angles A and C. ' Fig. 37.

10. The angle at the centre of a circle is double of the
angle at the circumference, upon the same base, that is,
upon the same part of the circumference : thus the angle
BEC is dotble of the angle BAC. Fig. 38

11, The angles in the same segment of a circle are
equal to one another : thus the angle BAD is equal to the
angle BED ; also the angle BCD is equal to the angle
BFD. Fig. 39. ‘

~ 42. The angle in a selnlclrc]e is a right angle thus
the angle ECF, Fig. 45, is a right angle.

13. This mark ’ placed on the sides or in the angles

“of a triangle, indicates that they are given; and this

mark® placed in the same way, indicates that they are re-
quxred :

PRACTICAL RULES FOR SOLVING ALL THE CASES
OF PLANE TRIG_QNOMETBY "

GASE 1.

The angles qnd one side of any plane triangle bemg
given, to jiml the other sides.

RULE

- As the sine of the angle opposnte the given sxde,
Is to the sine.of either of the other glven angles,
So is the given side,

To the side opposite this other angle.*

* DamoxsTRATION. ‘Let A BC, Fig. 40, be any plane triangle, take B ¥
. =AC, and upon A B let fall the perpendiculars CD and F E, which will be
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" Mote. 4. The proportions in trigonometry are worked
by logarithms; thus,-from the sum of the logarithms of
the second and third terms, subtract the logarithm of the .
first term,’ and the remamder will be the logarithm of the
-fourth term.

2. The logarithmic sine of a right angle or 90° is
10.00000, being the same as the logarithm of the radins.

EXAMPLES.

1. Inthe triangle ABC, there are given the angle A=
32° 15, the angle B= 114° 24/, and consequently the an-
gle Q=33° 24/, and the side AB= 98* required the
sides AC and BC.

" By Construction, Fig, 41.

Make AB equal to 98 by a scale of equal parts, and.
Jdraw AC, ‘making the angle A=32° 15'; also. make the
angle B=114° 24, and produce BC. AC, till they meet in

C, then is ABC the triangle required; and AC, measured
by the same scale of équil parts,'is 162, and 'BC is 95.

the sines of the dngles A and B to the equal radii AC and BF. Now the trian-
g-les BDC and BEP being similar, we have CD : FE : : BC : BF orAC, that is
sin. A :sin:B:: BC: AC. In like manner it is proved, that sin. A : sin. C :: BG

: AB. When one of the angles is obtuse the demonstration is the same. Hence
it appears, that in any plane triangle, the sides are to one another as the sines of

thelroppoq‘.e a.ngles ' o ) .

* This 98 may exprels 80 many feet, or yards, &c., and the other sides ‘Will
beofthenmedenomnauonnsthegmnaxde
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By Caleulation. |
 As sine of the angle € 33° 21/ - eya01y
Is to sine ot' the angle B 114° o 9.96937
ﬂo is AB 9 - - - - 1.99123
v 11.95060
9.74017
‘To 40 1623 - - . 2.21043
As sine. of Case 21' . . 9.74017 .
Is to sine of A 32° 15’ - 9.72728
SoisAB98 - .. . - 199123
o " 1471846
‘ . 9.74017
To BC 95.12 - S . 497820

By Gunter’s Scale.

Extend the compasses, on the line of. sines, from
© 33° 21 to-65° 36 the supplement of the angle B that ex-

tent will reach, on the line of numbers, from 98 to 162,
the sule AC. :

Extend the comp@sses‘ from 33° 21’ to 32° 45' on the
line of sines; that extent will reach, on the line of num-
bers, from 98 to 95, the side BC. -

2. In the right. angled triangle ABC, are given the hy-
- pothenuse AC = 480, and the angle A = 53° 8. 'L'o find
the base AB and perpendicular BC. :
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OF THE TABLE OF LOGARITHMIC OR AR-
'TIFICIAL SINES, TANGENTS, &.

Tris ta.ble contains the logarlthms of bhe sine, tangent,
Xec. to every degree and minute of the quadrant, the ra-
dius being 10000000000, and consequently its logarithm
10., ‘

[

. Let the radius CB, Fig. 82, be supposed to consist
~ of 410000000000 equal parts as above, and let the qua-
drant DB be divided into 5400 equal ares, each of these
will therefore contain 1'; and if from the several goints

of division in the qua(bant, right lines be drawn per-
pendicular to OB, the sine of every minnte of the qua-
drant, to the radius CB will be exhibited. The fengths
of these lines being computetl and ,arranged, in a table
eonstitute what is usually termed a table of natural sines. -
The logarithms of those numbers taken from a table of lo-
garithms and properly arranged form the table of logari-
#hmic or artificial sines. In like manner the logarithmje
tangents and secants are to be understood.

The method by which the sines are computed is too
abstruse to be explained in this work, bit a familiar ex-
position of this subject as well as the construction of lo-
garithms may be seen in Simpson’s Trigonometry.

To ﬁ'nd, by the table, the sine, tangent, &ec. of an are
or angle.

If the degrees in the given angle be less than 45, look
for them at the top of the table, and forthe minutes, in the
left hand column ; then in the column marked at the top

i
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of the table, sine, tangent, € and against the minutes,
" is the sine, tangent &e. required, If the degrees are more
than 45, look for them at the bottom of the table, and for
the minutes, in the right hand column ; then i ip the co-
lunsh marked at the bottommf the table, sine, tangent, &ec.
and agaipst ‘the mmutes, le the sine, tangent, &c. re-
ulred v '
' Note. —The gine of an angle and of its supplement
bemo' the samb, if the given number of degtees be aboye
90, sﬁbtra.ct them frqm 4180°, and find the sine of the re-
mainder.

L4 a -

EXAMPLES,

-

4. Required the sine of  82° 2%  Ans. 9.72962.
2. Requined the tangent of 57° 39  Ans. 10.19832.
3. What isthe secant of  89° 31".  Ans. 12.07388.
4. Whai is the sine of 157° 43.  Ans. 9.57885.

Toﬁml the degrees and minutes, correspondmg to a gi-
ven sine, tangent &'c,

Find, in the table, the nearest logarithm to the given
one, and the degrees answering to it will be found at the
top of the table if the name be there, and the minutes on
the left hand; but if the name be at the bottom of the ta-
ble, the degrees must be found at the bottom, and the
minutes at the right hand.

EXAMPLES.,

1. Required the degrees and minutes in the angle
. whose sine is 9.64390. Ans. 26° 8.



40 PLANE TRIGONOMETRY.

- 2. Required the degrees and minutes in- the angh
whose tangent is 40.47464. Ane. 71° 28,

ON GUNTER'S SCALE, .

GuxnTERs' Scale is ag instrument by which, with a
pair of dividers, the different cases in trxgonolpetry and
many other problems may be eolved. N
It has on one side, a diagonal sqale,. and also the lines
of chords, sines, tangents and secants, with seyeral others.

On the other side-there are several logmthmlcal lines
as follow: . - '

The line of numbers marked Num., is numbeyed from
the left hand of the scale towards the right,- with 1, 2,
3, 4, 5, 6,7, 8, 9, 1 which stands in the middle of* the
scale; the numbers then goon 2, 8,4, 5, 6,7, 8, 9,40
which stands at the right hand end of the scale. These
two equal parts of the scale are similarly divided, the
distances between the first 41, and the numbers 2, 8, 4,
&e. being equal to the distances between the jmiddle 1,
and the numbers 2, 3, 4, &c. which follow it. The sub-
divisions of the two parts of this line are likewise simi-
lar, each primary division being divided into ten parts,
distinguished by lines of about half the length of the
primary divisions. o

The primary divisions on the second part of the seale,
are estimated aceording to the value set upon the unit on
the left hand of the scale: If the first 1 be considered
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as a unit, then the first 4, 2, 8, &e. stand for.4, 2, 3, &c.
the middle 1 is 10, and the 2, 8, 4, &e. following stand
for 20, 30, 40, &c. and the 10 at the right hand for 100.
If the first 1 stand for 10, the first 2, 3, 4, &c. must be
counted 20, 30, 40, &c. the middle 4 will be 100, the
second 2, 3, 4, &e. will stand for 200, 300, 400, &c, and _
the 40 at the right hand for 1000.

If the first 1 be considered as 5 of a unit, the 2, 3, 4,
&c. following will be %, <, 7%, &c. and the middle 1,

" andthe 2, 38,4, &c. following will stand for 4, 2, 3, 4, &c.

The intermediate small lelSlOllS ‘must be estimated
according to the value set _upon the primary divisions.

Smes.—-’l‘he line of sines, marked Sin. is numbered
from the left hand of the scale towards the right, 1, 2, 8,
4, &c, to 10, then 20, 30, 40, &c to 90, where it termi-
nates just opposite 40 on the line of numbers.

Tangents—'l‘he line of tangents, marked 7Tan. be-

gins at the left hand, and is numbered 1, 2, 3, &e. to

10, then 20, 80, 40, 45, where there is a brass pin, just
under 90 in the line of sines ; because the sine of 90° is
equal to the tangent of 45°. From 35 it is numbered to-

- wards the left hand 50, 60, 70, 80, &c. The tangents of

arcs above 45° are therefore counted backward on the
line, and are found at the same points of the hne as the
tangents of their complements.

There are several other lines on this side of the scale,

* as Sine Rhumbs, Tangent Rhumbs, Versed Sines, §c.;

but those described are sufficient for solving all the prob.

- lems in plane trlgonometry
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Remarlcs on JAngles, Trumglea &c '

1 If from 4 pomt D in a right line AB, one or more
right lines be drawn on the same side of it, the angles
thus formed at the point D) will be together equal to two

right angles, or 180°; thus ADE + EDB = two right

angles, or 180°: also ADC + CDE + EDB = two
right angles, or 180°. Fig. 35.

2. Since the angles thus formed at the point D, on the
other side of AB would also be equal to two right angles,
the sum of all the angles formed n.bout a point is equal
to four right angles or 860 *

’

8. If two right lines cut one another, the opposite an-
gles will be equal : thus AEC=BED and AED=CEB.
Fig. 36.

4. The sum of . the three ano'les of a plane triangle i is
qua.l to two rlght angles, or 180’ ‘

. If the sum of two ungles of a triangle be subtract-
ed from 180° the remamder will be the third angle,

6. If one angle of a triangle be subtracted from 180°,
the remainder will be the sum of the other two angles,

7. In right ﬁn’vled triangles, if one of the acute angles'
be subtracted from 90°, the remainder will be the other

tcute angle,

. . » . :
8. The angles at the base of an isosceles triangle are
equa,l to one another.

9. If one side of a triangle be produced the external

angle will be equal to the sum of the two internal and op-

. ®

>

1
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posite angles : thus the external angle CBD, of the tri-
angle ABC, is equal to'the sum of the internal and op-
posite angles A and C. 'Fig. 37.

10. The angle at the centre of a cirele is double of the
angle at the circumference, upon the same base, that is,
upon the same part of the circumference : thus the angle
BEC is double of the angle BAC. Fxg 38

14, The angles in the same segment 0f a circle are
equal to one another : thus the angle BAD is equal to the
angle BED ; also the angle BCD is equal to the angle
BFD. Flg 39. ,

12. The angle in a semlclrcle is a right angle ; thus
the angle ECF, Fig. 46, is a right angle.

18. This mark ’ placed on the sides or in the angles

“of a triangle, indicates that they are given; and this

mark® placed in the same way, indicates that they are re-
qulred :

PRACTICAL RULES FOR SOLVING ALL THE CASES
OF PLANE TRIGONOMETRY. ‘
| GASE 1.
The angles and one side of any plane triangle bemg
gweu, to jiml the other sides.
| RULE.

_« As the sine of the angle opposite tlie given side,
Is to the sine. of either of the other ngen angles,
So is the given side,

To the side opposite this other angle.*

* DexonsTRATION. Let ABC, Fig. 40, be any plane triangle, take B ¥
. =AC, and upon A Blet fall the perpendiculars C D and F E, which will be
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' Mote. 4. 'The proportions in trigonometry are worked
by logarithms; thus,-from the sum of the logarithms of
the second and third terms, subtract the logarithm of the .
first term,’and the remtunder will be the logarithm of the
fourth term.

2. The logarithmic sine of a right angle or 90° is
10.00000, being the same as the logarithm of the radins.

EXAMPLES.

1. In the triangle ABC, there are given the angle A=
32° 15, the angle B= 114° 24, and consequently the an-
gle Q=233 21’, and the side AB= 98* ; required the
sides AC and BC.

By Construction, Fig. 41.

‘Make AB equal to 98 by a scale of equal parts, and
Jraw AC, making the angle A=32° 15'; also. make the
angle B=114° 24, and produce BC. AG, till they meet in
C, then is ABC the triangle reqmred aud AC, measured
" by the same scale of equil parts,'is 162, and BO is 93.

the sines of the angles A and B to the equal radii AC and BF. Now the trian.
g‘lea BDC and BEF being similar, we have CD : FE : : BC : BF or AC, that is
gin. A :in:B:: BC: AC. In like mannerit is proved, that sin. A : sin. C : : BC

: AB. When one of the angles is obtuse the demonstration is the same. Hence
it appears, that in any plane triangle, the sides are to one another as the sines of

their °W angles ‘

® This 98 may express so many feet, or yards, &c., and the other sides Will
be of the same denomination a8 the given side. -



PLANE TRIGONOMETRY. 45

By.Calculation. |
. As sine of the angle C 33° 24/ . gy01y
Is to sine of the angle B 114" 24/ 9.95937
N ﬂo is AB 9 .. - - 1.99123
11.95060
A 9.74017
‘To AC 1623 - - - - D 281043
" Assineof 083° 2 . . 9.74017
Is to sine of Aseo 15 _( - 9.72728
Sois AB98 . .- . 1.99123
o o 1471846
. oy
To BC 95.12 - : 1.97629

By Gunter’s Scale.

Extend the compasses, on the line of. sines, from

- 33° 21 to-65° 36" the supplement of theé angle B; that ex-

tent will reach, on the line of numbers, from 98 to 162,
‘the sule AC.

Extend the compa.sses from 33° 21 to 32°. 45/ on the
line of sines; that extent will reach, on the line of num-
bers, from 98 to 95, the side BC. -

_ 2. In the right-angled friangle ABC, are given the hy-
- pothenuse AC = 480, and the angle A== 53° 8. o find
the base AB and perpendicular BC.
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From 90° subtract the angle A = 53° 8'; the remain-
der 36° 52 will be the angle C. ‘Che angle B, being &
right angle is 90°. . ‘

By Construction, Fig. 4®.

This may be constructed as in the preceding exam-
ple; or otherwise thus,

Draw the line AB of any length, and draw AC making
~the angle A =53° §'; make AC =480 by a scale of equal
parts, and from C draw CB perpendicular to AB, then
ABC is the triangle required.’ AB; measured by the
" samg scale of cqual parts, will be 288, and BC will be
384.

By Calculation.

As sine of B 90° - 10.00000
T to sine of A 53° &' . 9.90311
Sois’AC480 - - - 2.68124
ToBC 384 - o - " "2.58435
As sine of B 90° ' - 10.00000
Istosine of C36°5¢ - 077812
So is AC 480 - - 268124
B 12.45936

T0 A.B m . . - - 3.“98‘
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By Gunter’s Scale.

~ Extend the compasses, on the line of sines, from
00° to 53° 8, that extent will reach, on the line of num-
bers, from 480 to 384 the perpendicular BC.

. Extend the compasses, on the line of sines, from

90° to 36° 52, the complement of the angle A ; that extent

will reach, on the line of numbers, from 480 to 288, the
base AB.

3. In the triangle ABO, are given the angle A= 79°
23, the angle B = 54° 22/, and the side BC' = 125; re-
quired AC and AB, Ans. AC=103.4, and AB =91.87.

4. In a right-angled triangle, there are given the an-. -
gle A = 56° 48, and the base AB = 53.66, to find the
perpendicular BC and hypothenuse AC. Ans. BC = S2
and AC =98.

5. In the right-angled triangle ABQ, are given the an-
gle A = 39° 10’, and the perpendicular BC = 407.87, to
find the base AB and hypothenuse AC. Ans. AB =
500.1, and AC = 645.

ASL %

Two sides and an angle apyoszte one qf them bemg given,
“to find the other angles and side.

RULE. .

As the side opposnte the given angle, '
Is to the other given nde, : ‘

So is the sine of the given angle,

To the sine of the angle opposne the other given side.*

* This is evident from the demonstration of the rule in the preceding case.

t
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- 2. Requirgd the degrees and minutes in- the angla
whoae tangent is 40.47464. Ane. 740 28, . -

ON GUNTENS SCALE, “
GunTERS' Scale is ag instrament by which, with a

pair of dividers, the different cases in tngonometry and
many other problems may be solved. .

. ~
. N ’

Tt has on one side, a diugonal sc.ale,‘ and also the lines
of chords, sines, tangents and secants, with seyeral others.

On the: other side-there are several logmthnucal lines
as follow: . - .

"The line of numbers marked JN'um., is numbeged from
- the left hand of the scale towards the right,- with 4, 2,
3, 4,5,6,7,8,9, 1 which stands in the middle of the
scale ; the numbers then goon %, 8,4, 5,6, 7, 8, 9,.40
which stands at the right hand end of the scale. These
two equal parts of the scale are similarly divided, the
distances between the first 4, and the numbers 2, 8, 4,
&e. being equal to the distances between the jniddle 1,
and the numbers 2, 3, 4, &c. which follow it. The sub-
divisions of the two parts of this line are likewise simi-
lar, each primary division being divided into ten parts,
dlstmgmshed by lines of about half the length of the
primary divisions.

The primary divisions on the second part of the secale,
are estimated according to the value set upon the unit on
the left hand of the scale: If the first 1 be considered
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as a unit, then the first 1, 2, 8, &c. stand for.1, 2, 3, &e.
the middle 1 is 10, and the 2, 3, 4, &c. following stand
for 20, 30, 40, &c. and the 10 at the right band for 100.
If the first 1 stand for 10, the first 2, 8, 4, &c. must be
counted 20, 30, 40, &c. the middle 4 will be 100, the
second 2, 3, 4, &e. will stand for 200, 300, 400, &c, and _
the 10 at the right hand for 1000.

If the first 1 be considered as 5 of a unit, the 2, 3,-4',
&ec. following will be %, 7, 7%, &c. and the middle 1,
and the 2, 3,4y &c. following will stand for 4, 2,3, 4, &c.

The intermediate small d1v1s10us ‘must beé estimated
according to the value set upon the primary divisions.

Sines.—The line of sines, marked Sin. is nambered
from the left hand of the scale towards the right, 1, 2, 3,
4, &c, to 10, then 20, 30, 40, &c to 90, where it termi-
nmates just opposite 10 on the line of numbers.

Tangents.—The line of tangents, marked Tan. be-
gins at the left hand, and is numbered ft, 2, 8, &e. to
10, then SO, 80, 40, 45, where there is a brass pin, Just
under 90 in the line of sines; because the sine of 90° is
equal to the tangent of 45°. From 45 it is numbered to-
wards the left hand 50, 60, 70, 80, &c. The tangents of
arcs above 45° are therefore counted backward on the
line, and are found at the same points of the lme as the
tangents of their complements.

. There are several other lines on this side of the scale,
as Sine Bhumbs, Tahgent Rhumbs, Versed Sines, &c.;
but those described are sufficient for solving all the prob

- Tems in plane trlgonometry
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. Remarks on Angles, Triangles, &c. .
- , . \
1. If from 4 point D in a right line AB, one or more
right lines be drawn on the same side of it, the angles

thus formed at the point I will be together equal to two

right angles, or 180°; thus ADE + EDB = two right
angles, or 180°: also ADC + CDE + EDB = two
right angles, or 180°. Fig. 35.

2. Bince the angles thus formed at the point D, on the
other side of AB would also be equal to two right angles,
the'sum of all the angles formed about a point is equal
to four right angles or 360.°

‘

8. If two right lines cut one another, the opposite an-
gles will be equal : thus ARC=BED and AED=CEB.
Fig. 36.

4. The sum of. the three a.no'les of a plane triangle is
equal to two nght ungles, or 180 .

5. If the sum of two ungles of a triangle be subtract-
ed from 180° the remamder will be the third angle.

- 6. If one angle of a tnangle be subtracted from 180°,
the remainder will be the sum of the other two angles,

7. In right angled triangles, if one of the aclite angles'
be subtracted from 90° the remainder will be the other

acnte angle

8. The angles at the base of au lsosceles tuangle are
qual to one another.

9. If one side of a triahgle be produced, the external

angle will be equal to the sum of the two internal and op-.

?
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posite ;mgles thus the external angle CBD), of the tri-
angle ABC, is equal to'the sum of the internal and op-
posite angles A and C. ' Fig. 37

10. The angle at the centre of a circle is double of the
angle at the circumference, upon the same base, that is,
upon the same part of the circumference : thus the angle
BEC is double of the angle BAC. Fig. 38

.

11, The angles in the same segment of a circle are
equul to one another : thus the angle BAD is equal to the
angle BED ; also the angle BCD is equal to the angle
BFD. Fig. 39. ‘

42, The angle ina semlclrcle is a right angle thus
the angle ECF, Fig. 45, is a right angle.

13. This mark ‘' placed on the sides or in the angles

“of a triangle, indicates that they are given; and this

mark® placed in the same way, indicates that they are re-
qmred -

PRACTICAL RULES FOR SOLVING ALL THE CASES
OF PLANE TRIGQNQMETBY ‘

'QAsa 1.

The angles aml one side of any plane triangle bemg
: guen, to ﬁnd the other sides.

RULE.

- As the sine of the angle opposnte the gwen snde,
Is to the sine.of either of the other gwen angles,
So is the given side,

To the side opposite this other angle.*

* DauonsTRAFION. Let A BC, Fig. 40, be any plane triangle, take B F
. ==AC, and upon A B let fall the perpendiculars C D and F E, which will be
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JMote. 1. 'The proportions in trigonometry are worked
by logarithms; thus,-from the sum of the logarithms of
the second and third terms, subtract the logarithm of the.
first term,’ and the remamder will be the logarithm of the

fourth term.

2. The l_ogarithmic sine of a right angle or 90° is
10.00000, being the same as the logarithm of the radins.

EXAMPLES.

1. Inthetriangle ABC, there are given the angle A=
32° 15, the angle B= 114° 24/, and consequently the an-
gle Q= 33° 24/, and the side AB= 98* ; required the
sides AC and BC. ,

By Construction, Fig. 44.

‘Make AB equal to 98 by a scale of equal parts, and.
Jdraw AC, making the angle A=382° 15'; also. make the
angle B=114° 24, and produce BC. AC, till they meet in
C, then is ABC the triangle required ; and AC, measured
by the same scale of equil parts, 'is 162, and BC is 95.

the sines of the angles A and B to the equal radii AC and BF. Now the trian-
gles BDC and BEF being similar, we have CD : FE : : BC : BF or AC, that is
8in. A:6in:B:: BC: AC. In like manner it is proved, that sin. A: sin. C :: BC
: AB. When one of the angles is obtuse the demonstration is the same. Hence
it appears, that in any plane triangle, the sides are to one another as the sines of

thekoW angles ‘ . B .

® This 98 may express 5o many feet, or yards, &c., and the other sides 'Will
be of the same denomination a8 the given side, -
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By Calculation.
. As sine of the ;ngle C33° 21" 974017
Is to sine of the angle B 14° 24 9.95937
_‘So is AB 9 - - - 1.99123
| 11.95060
9.74017
ToAC1623 - - .. . 221043
" Assineof 083°2 . .  9m0ty
Is to sine of Asee 15 - 972728
SoisAB9S . .. .  1.90123
o - 1471846
. | B Y, 1 7

ToBCOsA2 - - - 197829

By Gunter’s Scale. )

Extend the compasses, on the line of sines, from
 33° 21 to-65° 36 the supplement of theé angle B; that ex-

tent will reach, on the line of numbers, from 98 to 162,
the sxde AC. :

Extend the compa.‘sses‘ from 33° 21’ to 32" 15’ on the
line of sines; that extent will reach, on the line of nunx
bers, from 98 to 95, the side BC. -

2. In the right. angléd triangle ABC,.are given the> hy-
- pothenuse AC =480, and the angle A= 53° 8. Lo find
the base AB and perpendicular BC. .
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From 90° subtract the angle A = 53° 8'; the remain-
der 36° 52' will be the angle C. ‘The angle B, being s
‘right angle is 90°. .

By Construction, Fig. 48.

This may be constructed as in the preceding exam-
ple; or otherwise thus,

Draw the line AB of any length, and draw AC making
~the angle A =53° 8'; make AC =480 by a scale of equal
parts, and from C draw CB perpendicular to AB, then
ABC is the triangle required.’ AB; measured by the
" samg scale of cqual parts, will be 288, and BC will be
384. '

By Calculation.

As sine of B 90° - 10.00000
T to sine of A 5% 8 - 9.90311'
Sois AC480 = - - 2.68124
To BC 884 . ”.‘ " 2.58435
Assineof BOO° - 10.00000
Istosinoof C36° 58 .. 077812
Sois AC480 .. . 2.681%
12.45936

- ToAB288 . . 2.46936
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By Gunter’s Scale.

’

Extend the compasses, on the line of sines, from
00° to 53° 8, that extent will reach, on the line of num-
bers, from 480 to 384 the perpendicular BC.

" Extend the compasses, on the line of sines, from
00° to 36° 52, the complement of the angle A ; that extent
will reach, on the line of numbers, from 480 to 288, the
base AB. :

3. In the triangle ABQC, are given the angle A= 79°
23, the angle B = 54° 22, and the side BC' = 125; re-
quired AC and AB, Ans. AC=103.4, and AB =91.87.

4. In a right-angled triangle, there are given the an-. -
gle A = 56° 48, and the base AB = 53.66, to find the
perpendicular BC and hypothenuse AC. Ans. BC =82
and AC = 98.

5. In the right-angled triangle ABC, are given the an-
gle A = 39° 10’, and the perpendicular BC = 407.37, to
find the base AB and hypothenuse AC. Ans. AB =
500.1, and AC==64«5 ’

cssu 2

Tieo sides and an angle opposzte one of them bemg given,
“to find the other angles and side.

RULE. .

As the side opposite the ngen angle, '

Is to the other given nde, oo

8o is the sine of the given angle,

To the sine of the angle opposnte the other given side.*

* This is evident from the demonstration, of.the rule in the preceding case.

1
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Add the angle thus found to the given angle, and sub-
tract their- sum from 180°, the remainder will be the third
angle.

After finding the angles, the other side may be found
by case 1.

Note.—The angle found by this rule is sometimes
ambiguous, for the operation only glves the sine of the
angle, not the angle itself ; and the sine .of every angle
is also the sine of its supplement.

When the side opposite the given angle is equal to,
or greater than the other given side, then the angle op-
posite that other given side is always acute; but when
this is not the case, that angle may be either acute or ob-
tuse, and is consequently ambiguous. -

EXAMPLES.

t. In the twmgle ABOC, are given the angle C = 38°
21', the side AB=.98 and the side BC = 279123 re-
quired the angles A and B, and the side BQ.

By Constraction, Fig. 43

Make BC = .7912 by a scale of equal parts, and
draw CA, making the angle € =33° 21’; with the side
AB = .98, in the compasses, taken from the same scale
of equal parts, and B as a centre, describe the arc ab,
cutting AC in fhe point A, and join BA ; then is ABC
the triangle required : the side AC, measured by the
scale of equal parts will be 1.54, and the angles A and
B, measured by a sedle of chords will he 26% 21’ and,
120° 18,
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Y By Calculgtt‘im
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o 0 Isto BC, 7912 L. h '-—1 89829
- ) So is; sine’of C, 33° 21' e, 974017
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u' LJ L o . , v - ). 9638% .
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To the angle. e =33 21, add the. angle A = 26° 21/,
4 antbthe sum is'69° lech'sub‘tracted from 180° leaves
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'q. Wt As smeofq;asm' T, -9.ya017
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..'~v ‘.“T()Aq’im' ‘ "' 018727
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o . '; ) .}‘ o \33, Gun(gr’s,Seale .
L,’.. LR t. Extend the ¢oinpasses | from .98 to 79 on the line
g o! numbens, thatextent wi}l‘reach from 38° 21 to 26° 21,

th&qhgle A, on the 'fme -of sines. .,
. b ! N
A Add the angle A= ‘26° 24’ to the angle C =33°21,
_ and the sum will be 59“ 4%'; then extend the compasses
from 33° 21’ to 59° 0. the line of sines, that extent

will reach from .98 to 1.54, the side AC, on the line of
numbers..
G
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90 ’ rmus rmooaouur.

e Inthotmngle A.BG,aregventhe angle O = 88°
24, the side BO = 95,13'and the side AB = 60, to find ~
the angles A md.B, and the slde AO. ‘

‘.

"By Cmtmtm, Fig 44

This is constructad.m the same mauner as the prege-
ding .example ; only AB, bemg shorter than BC, the
arc ab cuts AC ir tyo points on the same side of BC;
hence the angle A may be eithem acute or obtuse. The’

side reqmmd hqsa];o two values as AC and AC 6
‘ 'Byﬂalculatwn A .
AsAB80. 2 ") o . amsis | 3

Is {o BC, 9; 121 - .’ . pesm,

Bo'is sint €, 38" #i' VI X 77 7
.., . ) —— | P
Lt 4478~ Y

60 38'a,c|te- .——.-L—l--:-t -... .
To sine of “'fno "2 obluse } 9.9029; | o
The sum of the angles, | (3 and A subtrq,cted fr&n 180‘
leaves the angle B= 86° 1"if A be aw?, br87‘ 17’ df A‘ b
be obtuse. . FANIEY ‘

.o. -

".

s o

To find the side AC answering t to .thé aeute va]m.'bf
the angle A. RIS -
As sine of C, 33°21' e e gm0ty ‘

Is (o sine of B, 86° 4" ‘.T‘ . 9.99895
SoisAB,60 . - - 477815

11.77710

U anutnuhe

ToAC,10855 . . 208698

v
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o 'ro ﬁnd the’snderAO, answering w0 the obtm vdue of
thwnsh‘A RS .

.

As sine of 0, 83‘ A 4 b74017 ‘

[ Tsto smeofB,zTiT T .9.66124
e T SolsABllﬂ L= e AYTBID
o | . 11.43939
2", ToAG0eR - - 169982

3. In a ttmngle ABG, the side -AB is ﬂ‘lt, AC 306,

- and the angle B 78°13’; required the: angles A and C,

" and.the side BO. Ans. A=40“38’,O 61° 14/, and

BC =203.4. .

'r "4 In a right angled triangle, then are given the hy.
* pothenuse -AC = 278, and the base AB=232; to find
. the angles A and C, and the perpendicular BG Ans.
© - A=31"28,C =58 3% and BO =142,

Dh R

&7 ;:--‘ 5. Ins rtght angled iriangle’ ABG, the hypothennse
. i ACids 150 and one alde BC 693 required the angles and
. sother side.’ .Ans.' C = 62“ 87y A = 27¢ 23 and AB

e

. ’ :'. .fssz |
o . ’ CASE 8.
-~y
,'-3' Two sulea and the included angle bémg given, to find
L - the other angles aund side.
RULE. . .,

" Subtract the given angle from 180°, and the rélna.in-
der will be the sum of the two unknown angles. Then;
» ) .
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1

As the sum of the two given szdes, S {
"Isto theu' d'lﬂ'qrenqe RN v

So is the tahgent of ha‘.lf the sum of ‘the two un- {
~ known angles,

To the tangent of bmlf their dlﬂ'erence. :

This half différence of the two nnknown angles, add:.
ed to their balf- sum, will' give the angle oppesite the:
greater of the two glven sides, and being subtracted fromg
the balf dum, will give the angle opposite the lbss, given
side.

K

~ After i‘mdm_g the ungles, the othet side my be fonnd
by Cased. - ‘ ;

0 . ' N i
‘e AR . ‘ 1
M Dzuotu-rnn'gom “Let ABC, Fig. 45, be the propesed triangle, having
the two given sides 3B ‘AC, including the given angle A. About A as a cen- ]
tre, with AC the ,greater df the given eides, for a distance, describe a circle {
meeting AB produced in Eand F, and BC in D; join DA, EC, and FC, and
draw FG parallél-to BC, meetmg ECin G

The angle }3AC (32. 1) is equa.l to the sum of the unknown angles ABC,
ACB, and the angle EFC-at the cu-cumferenee is equal to the half of EAC at
the centre (30. 3); thereforé EFG, i balf the Sum of the unknotvn angles ; but Ve
(32 1.) ‘the.angle ABG: u*equd to‘the sum of the ,nglet BAD and ADB or -; !
BAD and ACB; therefore FAD.is the difference of the wn angles ABG, o,
ACB, and FCD, at the cwbumfmews the half of ﬁm d.lﬂ'erepce # but because
of the parallels DC, FG, the angles GFC.,FCD are equal, therefore GFG is eqm.{ «
to hatf the diffefence of the unknown :mgles ABC, ACR; but ginge the angfe Con '
ECF in a semicircle,’ js a right angle; EG is perpendlcular to CF, and therefqrd o
CF being radius, EC,'CG are the tangents of the angles EFC, CFG ; Ytis ato. ¢
evident that EB is the sum, of the sidéj BA, AC, and that BF is their difference ; 0 s

therefore since BC,"FG.gre parallel EB : BF :: EC : €G (2 6.); that i is, the L
sum of the sides AC, AB, is to 1heir difterence, as the tangent of half the sum .
of the angles ABC, ACB, is to' the kangeny of half;heu* differente. . .

To demonstrate the latter part of the e, let AC and AB, Fig. 46, represent e
any two magnitudes whatever, in AB Produced take BD equal to AC the Jess, °
and bisect AD in B.

¢’

Then because AE is equal to ED md; AC to BD, CE is'equal to EB; there-
fore AE or ED is half the sum of the given magnitudes AB, AC, and CE or EB
is half their difference; but AB the greater is equal to AE, EB, that is to half -
the sum added to half the difference, and AC the less, is equal to the excess of
AE, half the sum, above CE, half the difierence.



v -

(‘ [

‘e

[ ’ . ' ‘ ; : * # -
SLANE TRIGoNoMeTRY: . - - A
EXAMPLES; .-
1. In the tnangle ABC there are gwgrAB = 128,
AC = 90, and-the angle A =48°, 12/t ?md m angles
B a.nd C, and the snde BC . ‘
. .o I
. L]

Bj) Ganstruqtzow, Fxg 4’7 ) ,.' :

1

»

Drew AB = '198, and make the a.ngle A =-48° 13’ 3
draw AC =90, and join BG The angle B Will mea-
sure 44° 3y the angle C 87 i1’ and the side BC'95. 5

&"

By Caleulation. -+ 'j -

", : '(~ N . g o3
AB s CLLUE LY aspo
AG 90 ﬁngle A ' -, -, 48142

» * .

Sum + 218 . ” Bum Qf.the angleg.B and G #3148 -

Difference ° 38 Half sam - do. 65 5&
$ - .

As the sum ¢f thd sides AB; Ac, 48 : - z.assao

~

s te their daﬂ‘efence, 38" - 457978

Solemeimg of half sum of ungl B&O, 65°54' 10.34938

o T o 44.92916

To tapg, of half th‘eu‘ dlﬁ’exence, 2o 17! | -;-5;9_0-7;
| Half sum of the angles B and © 65° 54

Add and subtraet ha.lf their difference 21 1Yy

AngleG . . . 87 11

Angle B.. - - - 44 3y
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. - Fo find the side BC.
As.ilp of B  #°3 9.84656
Istosineaf A. .46 18 9.87348
Sois AC 9 1.951%4
2 . ) . v «
. %e ',. ¢ . N ° 11.82“7
" 'ToBC . esse  .4.08044
- .&Guter’sSoak .

Extend the compasses from 218, the sum of the sldes,

to 88, their difference, qn th(;hne of pumbers, and W®ply

this extent to the line of tingents from 46° to the left
hdnd then keeping thé left leg of the campasses fixed,
move the other leg to 63° 54, the half sum of, the angles;
-that digtancé willreach’ frem,45° ‘on, {he same line, to
24° 17, the half difference of the regumd augles.
Whence the ansles are obtamed as be{ore. ¢/

To extend the second propoﬂlon, protqd Ay diroctﬂ
in case 1st.- yoe ,‘

2.Ina tna.ngle ABG, are gnven L AB = 109, BC =78,
and the contained angle B = 101° 30/, ‘te fnd the other
angles and side. Ans. The angle A= 30° 57, C =4y°
38, and the side AC =144. 8

8. Given, in a right anglml tria;pgle, the base AB =
890 and the perpendicular BC = 787, to find the angles
and bypethenuse. Ans. Theangle A = 44° 29’ C =48
31', and the hypothenuse AC = 1188,
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. R D ]
oL - CASE 4 e
Gwen the three sules, to ﬁml tﬁe angles. -

S . L4 . -
RULE. e
- L, o . . "

Gonsider the lungest side of the tnatfgle s tbn base, |

“and'on {t let fall a perpondfcnlur from the opposxte an-

gl¢. This perpendicular will divide thp hage into fwo

parts, called segmems, and the whdle: trla.ngle into two
nght angled triangles. Then, e e b .
,a ‘ . . .
As the base, or sum o&tha chments, : S .
Is to the sum-of the otl\e‘l' twoside; ; PR
So is the dlﬂ'eréhcéyof dse‘bldes,' e T

‘To the differenct of tlp sgment" of t}i& base.* *

". [ R -., 0

. D:uou'rugnm Let Anc, ;Fig 45 be srimngle, and GD be perpendi—

s ¥ -cular upon AB, AboutC as ,ceniye® h:hntsa mfaamdm de.

A

' smbeturcle,meeqﬁg,Mpt‘dgch,med E,»and AB"in F. They it is

" evident that ABs equal tafthe sum of ﬂm siges AC, BC, and that AG is equal

" do theigdifferenie ; algo becansg CDbmmFB (5. 3), it is plain that AF is the
* &iffarence of the segments. of; the base; bul AB X AF = AE X AG (36. 3.
+ cor.); therefore AB1 AE #{ AG': Ap(tp 6); that is, the base, is tb the sum
" of the s:den,\s ﬂ\!‘d@‘erm;of tl,\e sldel,u tp the difkrenoe of the segmequ of

'J'eb‘* " . >
' «Cor. lf‘nbeoonmderﬁd tlu‘ﬁseof thtmgkm;ﬂnnwiﬂ(m be a

! perpenfficulsr on the sse producedy ABwill be“equal to the sum of the sides

AG, FG, and AGMwi be equal to their difigrence ; also AB'Will be equal to the
% sum of the seg'u&nu AD, FD. But‘by the preceding demonstration and (16. 5),

c AE: AE%; AG : AB; hence whep the peq;endncular falls without the triangle,

the base,’is to the sum of the sxdes, as the difference of the sides, is to the sum
of the ugmenu of thobase. . ;

A'rule lmg'ht, thereforc be given, mahng eithep side of a triangle, the base;
and such 2 ruls wotild be rather maqre convenient, jn some cases, than the one
aboves but then,.on account of the perpendicular, sometimes falling within,

- and sometimes without the m&n;le, it would require two cases, and conse-
quently would be less sunple

The following rule, by which the necessity of letting fall 2 perpendicular is
obviated, is deduced from » proposition, demenstrated by most writers on trie
gonometry.
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.

'Fo ha¥f the base, add half the difference of the sag-
ments, pnd the qum will be the greater segm;nt; alse
frém haf the base., subtract half the difference of the
sbgmen&, and the remainder will be the less segment

(E'hen,qn edch ot" the tvonght angled tnangles, there
. will be kngwn tio sides, and an angle ‘opposite to one
of, them’; cdﬁ,sequenﬂy the othen angles may be found

bymseznq S AP .

,
a
e .
. e
a . .

. . .“,.‘ . nxAmL‘u . .

‘ .
.\09 -

.f.. o ' Bj (}pm@‘uz@m Fl; 4!9. . ",

. Draw AB = 4«2!) «thh‘ll(} =863 in ¢be dmders,
and ‘one foot in X, desci-lbf, an arcy'and with BC = 230, °

f: 1. Ih*t]e trmngle»ABO;are given AB = QSG, AO -
36&, and IIJ & 230; «nqmmd the ungles

and one‘fqot in B ifescb@q ancthief & arc, culfing the for- !

mer in C 3 join AC, BC, a

A.BO will be the trnngle. '

~ reqitired. .“Fhe angles mpasured Bma scple of chouls, e
~ will'be A = 32° 39',B= 58°'B6’ a.nd.O =88°90.

' .01_1‘ ‘.

. '| ‘o
P A . .
* . - et . B ‘e ®
AT By(ﬁa,zcuzauon.,a;,. A
* . - RS b - 'l.' 4 ." o ’
) & N ) B4 % a* .
AG - o - 868, 1., e
BC a2 .,880 . PLEPI
: . S ‘ -4
" Sum - . 895 " )
. AN - . I3
Difference - ©~ - . 435 ‘

T'o the arithmetical complements of the logarithms of the sides contmmng
the required angle, add the logarithms of half the'sum of the three sides, and
of the difference between this half sum and the side opposite the required an.
gle; then half the sum of these four logarithms will bg the logarithtnic cosige
of half the required angle.

-

L)
3
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As the base AB - - 426 2.62044
Is to the sum of the sides AC, BC 595 2.77468
So is the diff. of the sides AC, BC 135  2.13033
| £.90465
) . . H
To the diff. of the segments AD, DB 188.6 = 27644
 Half diff. of the segments - 94.3
Half base - - - 243,
Segment AD - - 307.8
Segment BD = - .48y
AsAC . . 365  2.56920
Is to AD: - - 307.3 248756
Boissineof ADC - . 90° 10.00000
| 12.49756
Tosine of ACD - 378" 9.92527
- ' 90 00
Angle A . . 5239
As BO . ' . %230 296173
CIstoBD - .. 118y 20745
Soissineof BDC . 90°  10.00000 .
Y 120745

TFosineof BCD . .  31° & 971272

90 0

——————

Angle B - - . 5856

From 180° subtract the sum of the angles A, and B,
" 91° 30/, and the remainder 88° 2%’ is the angle €.
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By Gunter’s Scale.

Extend the compasses from 426 to 595 on the line of
numbers, that extent will reach on the same line from
185 to 188.6 the differenee of the segments of the base.
‘Whence the segments of the base are found as before.
To extend the other proportions, proceed as directed in
case 2nd.

2. In a triangle ABC, there are given AB = 64,
AC = 47, and BC = 34; required the angles. Ans.
Angle A = 31°9, B = 45° 88/, and C = 103% 13",

3.In a trianglé ABC, are given AC =88, AB =
108, and BC = 54, to find the angles. Ans. Angle A =
29° 49, B =54° 7, and C =964

"The four preceding rules solve all the cases of plane
triangles, both right-angled and oblique. There are
however other rules, suited to right-angled triangles,
which are sometimes more convenient than the general
ones. Previous to giving these ‘rules, it will be neces-
sary to make the followmg,

Remarks on 'rz ﬁt-angled trzangles.

- 1. ABC, Fig. 50, bemg a i‘ight:angled triangle, make
one leg AB radius, that is, with the centre A, and dis-
tance AB, describe an arc, BF. Then it is evident that
the other leg BC represents the tangent, and the hypo-

.thenuse AC the secant, of the arc BF, or of the angle A.
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2. In like manner, if the leg BC, Fig: 51, be made ra-
dius; then the other leg AB will represent the tangent,
and the hypothenuse AC the secant, of the arc BG, or
angle C. '

8. But if the hypothenuse be made radius; then each
leg will represent the sine of its oppesite angle; namely,
- the leg AB, Fig. 52, the sine of the arc AE or angle C,
and the leg BC the sine of the arc CD, or angle A.

The angles and one side of a ;ight.an led triangle
being given to find the other s.%les. T

RULE.

Call any one of the sides radius, and write upon it the
word radius; observe whether the other sides become
sines, tangents or secants, and write these words on them
accordingly. Call the word written upon each side the
name of that side. Then, S

As the name of the side given,

1s to the name of the side required;
So is the side given, :
To the side required.*

* DeMonsTRATION. Let ABC, Fig. 58, be a right-angled triangle; then it
is evident that BC is the tangent, and AC the secant, of the angle A, to the ra.
dius AB. Let'AD represent the radius of the tables, and draw DE perpendicu-
larto AD, meeting AC produced in E; then DE is the tangent, and AE the se-
cant of the angle A, to the radius AD. But because of the similar triangles

. ADC, ABC, AD : DE :: AB : BC; that is, the tabular radius : tabular tangent

::AB: AC, Also AD: AE :: AB : AC; that is, the tabular radius : tabular
secant : : AB : AC. These proportions correspond with the rule. When either
of the other sides is made radius, the demopstration will be similar.
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Two eides of a right-angled triangle being given, to
Jind the angles and other side.

RULE.

Call any one of the given sides radius, and write on
them as hefore. Then,

As the side made radius,

Is to the other given side;

8o is radius,

"To the name of that other side,*

After finding the angle, the other side is found as in
the preceding rule, .

EXAMPLES.

4. In a right aﬁgled triangle ABC, are given the base
AB =208, and the angle A = 85° 16/, {o find the hypo-
thenuse AC and perpendicular BC.

A

By Calculation.

The hypothenuse AC 5eing radias.
As the sine of C, 54" 44/ 9.91194
Is to radius - " . 10.00000
Sois AB 208 - . 2.31808

. 12.31806
To AC B4y - 240612

® This is the converse of the preceding rule.
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As the sine of C, 64° 44’ 9.91194

Is to the sine of A, 35 16 9.76146

So is AB, 208 - 231806

12.07952

To BC, 1474 2.16758
The base AB bemg radms

As radius - 10. 00_000

Is to secant of A, 85° 16' . 10.08806

‘Sois AB, 208 - 2.31806

12.40612

ToAC, . 254Y 2.40612

As ra.dms - " 10.00000

" s to tangent of A, 35° 16’ 9.84952

So is AB, 208 . 2.31806

| 1246758

To BC, 1474 - 2467358

The perpendicular BC being radias.

As ta.ngent of C, 54°44' 10.15048

Is to secant of C, 54 44 10.23854

Sois AB, 208 .- 2.31806-«.
'12.55660

————

ToAC - 254y 2.40612
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As tangent of C, 54° 44/ 10.15048

Is to radius, . - 10.00000

Sois AB, 28 -  2.31806
42.31806

To BC, 1474 2.16758

2.Ina right-angled triangle ABC, there are given the
hypothenuse AC = 272, and the base AB = 232; re-
quired the angles A and C, and the perpendicular BC.

By Calculation.

The bypothenuse AC b:eing radius.

As AC 2y - 2.43457
Isto AB 232 . 236519
So is radius - - 10.00000
| _ 12.36549
To sine of C 58° 32 0.93098
As radius - . ' 410.00000
Is to sine of'A, 31°28 - 971787
Sois AC 272 - . 243457
' 12.15924

To BC 142 - 2.15224
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The base AB being radius.
As AB 232 .  2.36549
Is to AC 2 . 2.48467
Sois radius. . - - 1000000
‘ | 12.43457
To secant of A 31° 28 . 10.06908
~  Asradius = - - - 10.00000
. Is to tangentof A 31° 28 9.78675
Sois AB 232 - 2.36549
\ 12.15224
ToBC 192 - 245924

4

3. In a right.angled triangle, are given the hypothe-
nuse AC = 36.57, and the angle A = 27° 46', to find the
base AB, and perpendicular BC. Ans. Base AB =
32.36, and perpendicular BC = 17.04.

4. In a right-angled triangle, there are given, the per-
pendicular = 493.6, and the angle opposite the base 47°
51'; required the hypothenuse and base. Ans. Hypo-
thenuse = 288.5, and base = 243.9.

5. Required the angles and hypothenuse of a right-
angled triangle, the base of which is 46.72, and perpen-
dicular 57.9. Ans. Angle opposite the base 38° 54/, an-

gle opposite the perpendicular 51° 6/, and hypothenuse )
74.4.
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‘When two sides of a right-angled triangle are given,
the other side may be found by the following rules, with-
out first finding the angles.

1. When the hypothenuse and one leg are given, to find
the other leg.

RULE.

Subtract the square of the given leg from the square
of the hypothenuse; the square root of the remainder
will be the leg required.* .Or by logarithms thus,

To the logarithm of the sum of the hypothenuse and
given side, add the logarithm of their difference; half
this sum will be the logarithm of the leg required.

3, When the two legs are given to jihd the hypothenuse.

RULE.

Add togéther the squares of the two given legs; the
square root of the sum will be the hypothenuse.* Or by
logarithms. thus,

o Dlxom'rm\nox The square of the hypothenuse of a right-angled tri.
angleueqmltothe sum of the squares. of the sides (47.1). Therefore the
truth of the first part of each of the rules, is evident.

Put 4 = the hypothenuse, b == the base, and s == the perpeﬂdi-
culary then (47.1) fi* == A® — 43 = (5.2.cor.) A + b X h=—bdy 0T fr==
&/ h+ b X h—b; whence from the nature of logarithms, the lat-
ter part of the first rule is evident.

__. ﬂ’ ‘_"ﬁ

Also(47l)h’=b’+1;’=bxb+T,orh= bXb-fl---
which solved by logarithms will correspond with the latter part of
the second rule.
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From twice the logarithm of the perpendicular, sub-
- tract the logarithm of the base, and add the correspond-
ing natural number to the base ; then, half the sum of the
logarithms of this sum, and of the base, will be the loga-
rithm of the hypothenuse.

EXAMPLES,

1. The hypothenuse of a right angled triangle js 272,
and the base 832; required the perpendicular.

Calculation by Logarithms.
Hypothenuse o2y '
Base - 232
Sum - 504 log. 270243
Difference 40 — 1.60208 ‘
\ 2)4.30449

Perpendicular 142 - 245224

2. Given the base 188, and the perpendicular 152, to
find the hypothenuse. °

Calculation by Logarithms.
Perpendicular 152 log. 2.18184
_ 2
‘ 4.36368

" Base - 186 — 2.26951 - 2.26951

124.2 2.09417
810.2 - leg. 249184
2)4.761 15‘
Hypothenuse  240.2 . log. 2.38057
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3. The bypothenuse being given oqual 433, and ane
leg 324; required the other leg. Ans. R48.7.

4. What is the hypothenuse of a right- ané,led triangle,
the base of which is 31.04, and perpendicular 27.2.
Ans. 44.27.

" The following examples, in which triganometry is ap-
plied to the mensuration of inaccessible distances and
heights, will serve to render the student expert in solv-
ing the different cases, and also to elucidate its use.

The Application of Plane Trigonometry to the Mensu-
ration of Distances and Heights.

examrLe 1. Fig. 54.

Being on one side of a river and wanting to know the
distance to a house on the other side, I measured 500
yards slong the side of the river in a right line AB, and
found the two angles* between this line and the object to
be CAB = 74° 14, and CBA = 49° 23. Required the

- distance between each station and the object.

Calculation.

The sum of the angles CAB and CBA is 123° 37,
which subtracted from 180° leaves the angle ACB = 56°
23. Then by ease 4;

"l‘he“leambeukmnthum eompauormyother similar
ingtrpment. s _
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"S.ACB : S.CBA :: AB :  AC
56°83 49°%3¥ 500 466.8

. and' .8
'S.ACB : S.CAB :: AB. : BC
56°23 Y4eid 500 5YY.8
| »Ei@MPLB 2. Fig. 0.

Suppose I want to know the distance between iwo
places A and B, dccessible at both ends of the line AB,
and that I measured AC = 735 yards, and BO = 840
also the angle ACB = 55° 40'. What is the digtawoe be-
tween A and B?

. Caleulation.

" The angle ACB = 55° 40, being subtracted from 180°,
leaves 4124° 20'; the half of which is 62°10’. Then by

ecase 3.

BC + AC : BC— AC :: tang. SABFCBA , o CAB_CBA
1575 105 63° 10/ ™y

== 62°10', add and subtract L?—E-A '
== 7° 12' and we shall have CAB == 69° 2%', and CBA = 54° 58'.
Then, )

Toand f CAB-;-CBA

S.ABC : S.ACB :: AC : AB
54° 58 550400 735 74l

examrLE 3. Fig. 56.

‘Wanting to know the distance beiween twe inaceessi.
ble objects A and B, I measured a base line CD = 300
yards: at C the angle BCD was 58° 20 and ACD 95°
20'; at D the angle CDA was 53° 8¢/ and CDB 98° 4.
Regquired the distance AB.
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Calculation.

1. In the triangle ACD, are given the angle ACD ==
95° 20', ADC = 53° 30, and the side CD = 300, to find
AC = %6 98.

2. In the triangle BCD, are given the angle BCD =
§8* 20, BDC = 98° 45/, and SIde CD = 300, to find BC

= 761.47.

8. In the triangle ACB we have now given the angle
ACB = ACD — BCD = 37°, the side AC = 465.98
and BC = 761.47, to find AB = 479.8 yards, the dis-
tance required.

exampLE 4. Fig. 57.

~ Being on one side of a river and observing three ob-
jects A, B and C stand on the other side, whose dis-
tances apart 1 knew to be, AB = 3 miles, AC =8, and
BC = 1.8, I took a station D, in a straight line with the
objects A and C, being nearer the former, and found the
angle ADB =17°47". Required my distance from each’
of the objects.

Construetion.

With the three given distanees, describe the triangle -
- ABC; bisect BO in F and draw FE perpendicular toit;
‘draw CE makmg the angle BCE = 72° 13 == the com.
plement of the given angle ADB; with E as a eentre and
distance EC, describe the circle BCD meeting CA pro-
duced in D: then AD, CD and BD will be the dnstances

required.*

® DEMONSTRATION. By conitmction the distances AB, BC and AC are
equal to the given digtantes; also the angle CBY is equal to the given angle,
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- Calculation.

1. In the triangle ABC we have all the sldes given,
to find the angle C = 104° 8. ~

. 2. Subtract the sum of the angles D and C from 180°,
the remainder 58° 5 will be the angle DBC; then in t_he
_ triangle BCD wé know all the anglés and the side BC

" to find DC = 5.003 and DB = 5.745 ; therefore DA =
DC — AC =3.003.

EXAMPLE b. Fig. 68.

From a station at D, I pemewed three obgects AB
and C, whose distances. from each other I knew to be as
follow : AB = 12 miles, BC =7.2 miles and AC =8
miles ; at D I took the -angle CDB = 25° and ADC =
19°. Hence it is required to find my distance from each
of the obJects Co '

Construction.

With the given distances describe the triangle ABC;
at B, make the angle EBA = 19° = the given angle.
ADC and at A, make the angle EAB == 25° = the given
angle BDC; draw AE and BE meeting in E, and (by
~prob. 10.) descrlbe a circle_that shall pass through the
points A, E and B: Jom ‘CE and ‘produce it to meet the
circle in D, and join AD, BD, then will AD, CD and
_ BD be the distances required.*

for it is the coinplement of the angle ECF; but the angle CEF is equal to halt
the angle CEB; the angle CBB is also equal to half the angle CEB (20.3);
therefore the angle CDB is equal to the angle CEF, and consequently i is equal
to the given angle.

* DemonsTRATION. The angle ADC standing on the sam'e are with the
angle ABE is equal to it (21. 3.). For the same reason the angle BDC is equal
, to the angle BAE; but by construction the angles ABE and BAP are equal to
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As tangent of C, 54° 44/ 10.15048

Is to radius, - - 10.00000

Sois AB, 208 - 2.31806
12.31806

To BC, 1474 2.167068

2. Ina right-angled triangle ABC, there are given the
hypothenuse AC = 272, and the base AB = 232; re-
quired the angles A and C, and the perpendicular BC.

By Calculation.

The hypothenuse AC l):eing radius.

As AC 272 - 2.43457
Isto AB . 232 - 2.36549
So is radius - . 10.00000
| ‘ 12.36549
To sine of C 58° 32 9.93092
As x;adiﬁs . . ' 40.00000
Is to sine of"'A, 31°28 - 9.71767
Sois AC oy - 248457
’ 12.15224

To BC 142 7’ 2.15224
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The base AB being radius.
As AB 232 . 2.36549
1Is to AC 272 . 2.48457
Sois radius. . - - 10700000
) | 12.43157
To secant of A 381° 28 . 10.06908
-~ Ag radius - - 10.00000
. Is to tangentof A 31° 28 9.78675
Sois AB 232 - 2.36549
‘ 12.45224
ToBC 142 - 24522

4

3. In a right.angled triangle, are given the hypothe-
nuse AC = 36.57, and the angle A = 27° 46/, to find the
base AB, and perpendicular BC. Ans. Base AB =
82.36, and perpendicular BC = 17.04.

4. In a right-angled triangle, there are given, the per-
pendicular = 493.6, and the angle opposite the base 47°
51'; required the hypothenuse and base. Ans. Hypo-
thenuse = 288.5, and base = 243.9.

5. Required the angles and hypothenuse of a right-
angled triangle, the base of which is 46.72, and perpen-
dicular 57.9. Ans. Angle opposite the base 88° 54/, an-

gle opposite the perpendicular 51° 6/, and hypothenuse )

74.4.

i i dren ssatnd
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‘When two sides of a right-angled triangle are given,
the other side may be found by the following rules, with-
out first finding the angles.

1. When the hypothenuse and one leg are given, to find
the other leg.

RULE.

Subtract the square of the given leg from the square
of the hypothenuse; the square root of the remainder
will be the leg required.* Or by logarithms thus,

To the logarithm of the sum of the hypothenuse and
given side, add the logarithm of their difference; half
this sum will be the logarithm of the leg required.

‘2, When the two legs are given to find the hypothenuse..

RULE.

Add togéther the squares of the two given legs; the
square root of the sum will be the hypothenase.* Or by
logarithms: thus,

* DemonsTRATION. The square of the hypothenuse of a right-angled tric
angle is equal to the sum of the squares.of the sides (47.1). Therefore the
truth of the first part of each of the rules, is evident.

Put 4 = the hypothenuse, = the base, and f == the perpendi-
cular, then (47.1) #i® = 4% — 83 = (5.2.cor.) & + b X h— b, OT fi=<

&/ b+ b X h— b; whence from the nature of logarithms, the lat-
ter part of the first rule is evident.

\ 1 r
Also (47.1) A = 62 4 a2 = b X 6 + —,orh==beb +—-
which solved by logarithms will correspond with the latter part of
the second rule.
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From twice the logarithm of the perpendicular, sub-
. tract the logarithm of the base, and add the correspond-
ing natural number to the base ; then, half the sum of the
logarithms of this sum, and of the base, will be the loga-
rithm of the hypothenuse.

EXAMPLES.

1. The hypothenuse of a right angled triangle js 272,
and the base 832; required the perpendicular.

Calculation by Logarithms.
Hypothenuse 272 '
Base - 232
- Sam - 504 log. 270248
Difference 40 —  1.60206
\ 2)4.30449

Perpendicular 142  — 245224

2. Given the base 188, and the perpendicular 152, to
find the hypothenuse.’

Calculation by Logarithms.

Perpendicular 152 log. 2.18184
. 2
| 4.36368
" Base - 186 — 2.26951 -  2.26951

124.2 - 200417

810.2 - leg. 2.49164

2)4.76115

Hypothenusp  240.2 . log. 2.38057
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3. The bypothenuse being given equal 403, and one
leg 324; required the other leg. Avs. R48.7.

4. What is the hypothenuse of a right- angled triangle,
the base of which is 31.04, and perpendlcular 27.2.
Ans. 44.27.

" The following examples, in which trigenometry is ap-
plied to the mensuration of inaccessibl: distances and
heights, will serve to render the student expert in solv-
ing the different cases, and also to elucidate its use.

The Application of Plane Tr%ouo_metry to the Mensu-
ration of Distances and Heights.

exampLE 1. Fig. 54.

Being on one side of a river and wanling to kaow the
distance to a house on the other side, I measured 500
yards along the side of the river in a right line AB, and
found the two angles* between this line and the ebject to
be CAB = 74° 14, and CBA = 49° 23. Required the
distance between each station and the object.

Calculation.

The sum of the angles GAB and CBA is 123° 37,
which subtracted from 180° leaves the angle ACB = 56°
23. Then by ease {;

!‘l’hwlnmbeuhnwnhum compuoorwyother similar
ingtrument, ,
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" S.ACB : S.CBA :: AB : .AC
56° 33 497 83 500 455.8

| ad
'S.ACB : 8.CGAB :: AB. : BC
56°2%  v4e14 500 6778

examprLe 2. Fig. 5.

Suppose I want to know the distance between iwo
places A and B, dccessible at both ends of the line AB,
and that I measured AC = 785 yards, and BO = 8403
also the angle ACB = 55° 40". What is the distance be-
tween A and B?

. Calculation.

" The angle ACB =55° 40/, being subtracted from 160°,
leaves 424° 20'; the balf of which is 62 10. Then by

case 3.

CAB+CBA . CAB—CBA

BC + AC : BC— AC :: tang. ¢ FO00 g T253
1575 105 63° 10 vy
Toand from Mi‘ 62°10', add and subtract CAB—CBA

2
=2 7° 12' and we shall have' CAB =2 69° 2%, and CBA == 54° 58,
Thﬁn,

. S.ABC: S.ACB :: AC : AB
54° 58 55°40 735 74l

exaMpLE 8. Fig. 56.

‘Wanting to know the distance beiween two inaceessi.
ble objects A and B, I measured a base line @D = 300
yards: at O the angle BCD was 58° 20' and ACD 95°
20’s at D the angle CDA was 53° 3¢ and CDB 98° 40'.
Required the distance AB.
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Calculation.

1. In the triangle ACD, are given the angle ACD =
95° 20', ADC = 53° 80/, and the side CD = 300, to find
AC = 465 98.

2. In the triangle BCD, are given the angle BCD =
58° 20, BDC = 98° 45", and side CD = 800, to find BC
- 761.47. .

8. In the triangle ACB we have now given the angle
ACB = ACD — BCD = 37°, the side AC = 465.98
and BC = 761.47, to find AB = 479.8 yards, the dis-
tance required.

exampLE 4. Fig. 57.

Being on one side of a river and observing three ob-
jects A, B and C stand on the other side, whose dis-
tances apart 1 knew to be; AB = 8 miles, AC = 2, and
BC = 1.8, I took a.station D, in a straight line with the
objects A and C, being nearer the former, and found the
angle ADB =17° 47. Required my distance from each’
of the objects.

- Construetion.

With the three given distanees, describe the triangle -
- ABC; bisect BC in F and draw FE perpendicular to'it;
‘draw CE making the angle BCE = ¥2? 13’ == the com.
plement of the given angle ADB3 with E as a eentre and
distance EC, describe the circle BCD, meeting CA. pro-
duaced in D : then AD, CD and BD will be the dlstances

’ reqmred *

* DEMONSTRATION. By eonﬁtmeﬁon the distances AB, BC and AC are
equal to the given digtantes; also the angle CEF is equal to the given angle,
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- Calculation.

1. In the triangle ABC we have all the sides given,
to find the angle C =104° 8. ~

2. Subtract the sum of the angles D) and © from 180°,
the remainder 58° & will be the angle DBC; then in the
triangle BCD wé know all . the angles and the side BC
to find DC = 5.003 and DB = 5.745 ; therefore DA =
DC — AC =3.003.

EXAMPLE b. Fig. 58.

From a station at D, I percelved three obJects AB
_and C, whose distances. from each other I knew to be as
follow : AB = 42 miles, BC = 7.2 miles and AC =8
miles; at D I took the -angle CDB = 25° and ADC =
19°. Hence it is required to find my distance from each
of the obJects '

Construction.

‘With the given distances describe the tria.ngle ABC; .
at B, make the angle EBA = 19° = the given angle .
ADC and at A, make the angle EAB = 25° = the given
angle BDC; draw AE and BE meeting in E, and (by
prob. 10.) descnbe a circle that shall pass through the
points A, E and B: join CE and ‘produce it to meet the
circle in D, and join AD, BD, then will AD CD and
_ BD be the distances required.* :

for it is the comnplement of the angle ECF; but the angle CEF is equal to half
the angle CEB; the angle CBB is also equal to half the angle CEB (20.3);
therefore the angle CDB is equal to the angle CEF and consequently is equal
to the given angle.

* DemonsTRATION. The angle ADC standing on the sam'e are with the
angle ABE is equal toit (21. 3.). For the same reason the angle BDC is equal
, to the angle BAE; but by construction the angles ABE and BAE are equal to
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1. In the triangle ABC, all the sides are given, to find
-the angle BAC = 35° 85, -

2. In the triangle AEB are ﬁven all the angles, viz.
EAB = 25°, EBA = 19° and AER = 136°, aud the
side AB = 18, to find AE = 5.624.

8. In the triangle CAE we ha've given the side AC =
8, AE = 5.624, and the angle CAE = BAC — EAB
= 10° 35, to find the angle ACE = 22° 44",

4. In the triangle DAC, all the angles are given, viz.
ADC = 19°, ACD = 22° 44’ and CAD = 180° — the
sum of the angles ADC and ACD, = 138° 19, and the
side AC =8, to find AD = 9.47 miles and CD == 16.34
miles.,

5. In the triangle ABD, we have the angle ADB =
ADC + BDC = 44°, the angle BAD = CAD — BAC
= 102° 44, and the side AB == 18, to find BD = 16.85
miles. :

the given angles; therefore the angles ADC and BDC are equal to the given
angles.

Note. When the given angles ADC, BDC are respectively equal to the angles
ABC, BAC, the point E will fall on the point-C, the circle will pass through the
points A, C, and B, and the point D may be any where in the arc ADB; conse-
quently, in this case, the situation of the point D, or its distance from each of
the objects A, B, C, cannot be determined.

It may not be improper also to observe that even when the angle ADB, which
is the sum of the given angles, is equal to the sum of the angles ABC, BAC, or
which is the same thing, is the supplement of the angle ACB, the circle passes
through the points A, C, B; but then the angles ADC, BDC, unless they have
heen erroneously taken, will be respectively equal to the angles ABC, BAC.
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exaMprLE 6. Fig. 59.

A person having a triangular field, the sides of which
measure AB = 50 perches, AC = 46 perches and BC =,
40 perches, wishes to have a well dug in it, that shall be
. equally distaut from the corners A, B and 0. What
musi be its distance from each corner, and by what an-
gle from the corner A, may its place be found.

Construetion.

With the given sides construct the triangle ABC, and
(by prob. 10.) describe a-circle that shall pass through
the points A, B and C; then the centre E of this circle

is the required place of the well.*

" Calculation.

1. Tn the triangle ABO, all the sides are given, to find
the angle ABC = 60° 16", -

‘2. Join CF and produce it to meet the circumference
in D; also join AE 'and AD; then the angles ADC,
ABC being angles in the same segment are equal; a.lso
the angle DAC being an angle in a semicirele, is a right
angle: therefore in the right angled triangle DAC, we
have the angle ADC = ABC = 60° 16/, and the side AC
to find CD = 52.98 perches. The half of CD is = 26.49

perches = OE = the dnstance of the well from each cor-
_ mer.

3. The angle ACD = 90° — ADC = 29° 44'; but be-

cause AEC is an isosceles triangle, the angle CAE =
ACE = 2¢° 44/ the angle required.

* The demonstration of this is plaia (1. 3. cor.).
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EXAMPLE 7. Fig. 64.

Wishing to know the height of a steeple situated on a
horizontal plane, I measured 100 feet in a right line from
its base, and then took ‘the angle of elevation* of the top,
which I found to be 47° 80/, the centre of the quadrant
being 5 feet above the ground: reqmred the height of
the steeple.

Calculation.

In the right angled triangle DE@, we have the angle
CDE = 47° 30 and the base DE
find CE = 109.13 feet; to CE a( NEB = DA = 5 feet
the height of the quadrant, and it will give BC = 114.13
feet, the required height of the steeple.

exaMpPLE 8. Fig. 62.

‘Wishing to know the height of a tree situated in a
bog, at a station D which appeared to be on a level with
the bottom of the tree, I took the angle of elevation BDC

® Angles of elevation, or of depression are usually taken with an instrument
called a quadrant, the arc of which is divided into 90 equal parts or degrees,
and those when the instrument is sufficiently large may be subdivided iato
halves, quarters, &c. From the centre a plummet is suspended by a fine silk
thread. Fig. 60 is a representation of this instrument.

To take an angle of elevation, hold the quadrant in a vertical positiony md,
the degrees being numbered from B toward C, with the eye at C, look along the

side CA, moving the quadrant till the top of the object is seen in a range with _
this side ; then the angle BAD made by the plummet with the side BA, will be

* the angle of elevation required.

Angles of depression are taken in the same manner, except that then the eye
is applied to the centre of the quadrant.

Note. In finding the height of an object, it is best so to contrive it that the ob-
served angle of altitude may be about 45°; for when the observed angle is 459,
a small error commxttedmuking it, makes the least errer in the computed
beight of the object.

= AB = 100 feet, to
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= 51 30'; I then measured DA =75 feet in & ‘direct
line from the tree, and at A, took the angle of elevation
BAC =26° 80'. Required the height of the tree.

Caleulation. V

1. Because the ‘exterior angle of a tnang‘le is equal to
the sum of the two interior and opposite ones, the angle
BDC =DAC + ACD; therefore ACD = BDC — DAC
= 25°: now in the ‘trmngle ADC we have DAC = 26°
30, ACD = 25°, and AD =45 to find DC =79.18.

2. In the right angled tnangle DBC, are gwen DC=
79.48, and the angle BDC = 51° 80’ to find BC - 61.97
feet, the reqmred helght of the tree ,

EXAMPLE 9. Fig. 63, .

‘Wanting to know the height of a toﬁer EC, which
stood upon a hill, at A, T took the angle of elevation

CAB=14°; I then measured AD = 134 yards, on level *

ground, in a straight line towards the tower; at D the
angle CDB was 67° 50' and EDB = 51°. Required
the height of the tower and also of the hill.

Caleulation,
1. In the triangle ADC, we have the angle DAC =

44°, the arigle ACD = BDG — DAC = 23° 50, and the
side AD, to find DC = 230.4.

‘2. Tn the triangle. DEG all the angles are given, viz.
CDE = BDC — BDE = 16° 50, DCE = 90° — BDC
= 22° 10, DEC = 180° — the sum of the angles CDE

- and DCE, = 141°, and CD = 230.4, to find CE = 106
yards, the height of the tower, also DE = 1388.1 yards.
K .
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3. In the right angled triangle DBE, we have the an-
gle BDE = 51°, and the side DE = 138.1 yards, toﬁnd
BE =107.3 yards, the height of the hill.

exaMpLE 10. Fig. 64.

. An obelisk AD standing on the top of a declivity, I
measured from its bottom a distance AB = 40 feet, and
then took the angle ABD = 44°; going on in the same
direction 60 feet farther to C, I took the angle ACD ==
23° 45 ; what wag the height of the obelisk ?

Calculation.

1. Tn the triangle BCD, we have given the angle BCD
= 23° 45, the angle BDC = ABD — BCD = 17° 15/,
and side BC = 60, to find BD = 81.49.

2. In the triangle ABD are given the side AB =40,
BD = 81.49, and the angle ABD = 44°, to find AD =
57.63 feet, the height of the obelisk.

exampLE 11. Fig. 65.

Wantmg to know the height of an object on the other
side of a river, but which appeared to be on a level with
the place where I stood, close by the side of the river;
and not having room to go backward on the same plane,
on account of the immediate rise of the bank, I placed a
mark where I stood, and measured in a direct line from
the object, up the hill, whose ascent was so regnlar that
I mighit account it a right line, to the distance ‘of 132 -
yards, where I perceived that I was above the level of
the top of the object; I there took the angle of depression
of the mark by the river’s side equal 42°, of the bottom
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of the object equal 27°, and of its top equal 19°: required
the height of the object.

CaMﬁon.

1. In the triangle ACD, are given the angle CAD =
EDA =27°, ACD = 180° — CDE (FCD) = 138° and
the side CD = 132, to find AD = 194.55 yards.

2. In the triangle ABD, we have glven ADB = ADE
— BDE = 8°, ABD = BED + BDE =109° and AD
= 194.55, to find AB = 28.64 yards the required height
of the object.

EXAMPLE 42. Fig. 66.

A May pole whose height was 100 feet, standing on
a horizontal plane, was broken by a blast of wind, and
, the extremity of the top part struck the ground at the
distance of 34 feet from the bottem of the pole : required
the length of each part.

Construction.

Draw AB = 34, and perpendicular to it, make BC =
100; join AC and bisect it in. 1), and draw DE perpen-
dicular to AC, meeting BC in E; then AE = CE = the
part broken off.* '

* DEMoNSTRATION. In the triangles AED, DEC, the angle
ADE = CDE, the side AD = CD, and DE is corgmon to the two
triangles, therefore (4.1) AE = CE.

MNote. This question may be neatly solved in the follqwing man-

ner without finding either of the angles. ‘Thus, draw DF perpen- -

dicular to BC, then (31.3 and cor. 8.6) FC : DC! : DC{CE; con-
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Calculation.

1. In the right angled triangle ABC, we have AB =
34 and BO = 100, to find the angle C = 18°47".

' 2. In the right angled triangle ABE, we have AEB
= ACE + CAE =2 ACE = 387° 34 and AB =34, to
find AE =55.77 feet, one of the parts; and 100 — 55.77 _
== 44.23 feet, the other part. :

'PRACTICAL QUESTIONS.

4. At 85 feet distance from the bottom of a tower, the
angle of its elevation was found to be 52° 30': required
the altitude of the tower. Ans. 110.8 feet.

2. To find the distance of an inaccessible object, I
measured a line of 78 yards, and at each end of it took
the angle of position of the object and-‘the other end, and
found the one to be 90°, and the other 61° 45'; required
the distance of the object from each station. Ans. 135.9
yards from one, and 154.2 from the other.

3. Wishing to kiow the distance between two trees G
and D, standing in 3 bog, I measured a base line AB =
339 feet; at A the angle BAD was 100° and BAC 36°

80'; at B the angle ABC was 124° and ABD 49°: re-
~ quired the distance hetween the trees, Ans, 232§ feet.

. 2 . 2

sequenﬂy CE = %%—; but DC? EA;C = AB’,:- B.CS, and FC
B: 3 002

= 3 BC; therefore CE == A2B4(.: BC: _ 34 2-3)-01 0* _

1156 + 10000 _ 11156

360 =500 = 55.78, the same as before nearly.
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4. Observing three steeples A, B-and C, in a town at
a distance, whose distance asunder are known to be as

- follows, viz. AB = 213, AC = 104, and BC = 262 yards,

T taok their angles of position from the place D where -
stood, which was nearest the steeple B, and found the-
angle ADB = 13° 80, and the angle BDC = 2¢° 50"

Required iy distance from each .of the three steeples:
Ans. AD =571 yards, BD = 389 yards, and CD = 514
yards.

5. A may-pole, whose t’op was broken off by a blast
of wind, struck the ground at 15 feet distance from the
foot of the pole: what was the height of the whole may-
pole, supposing the length of the broken piece to be 39 -
feet? Ans.'75 feet.

6. At a certain place the angle of elevation of an in-
accessible tower was 26° 30'; but measuring 75 feet in a
direct line towards it, the angle .was then found to be
51° 30': required the height of the tower and its distance
from the last station. Ans. Height 62 feet, distance 49.

7. From the top of a tower by the sea side, of 143
feet high, I observed that the angle of depression of a
ship’s bottom, then at anchor; was 85°; what was its
distance from the bottom of the wall? Ans. 204.2 feet.

8. There are two columns left standing upright in the
ruins of Persepolis; the one is 64 feet above the plane,
and the other 50 : In a right line between these stands
an ancient statoe, the head of which is 97 feet from the
summit of the higher, and 86 from that of the lower co-
lumn ; and the distance between the lower column and
the centre of the statne’s base is 76 feet: required the
distance between the tops of the columns. :Ans. 157 feet,



SURVEYING.

SurvEvING is the art of measuring, laying out, and
dividing land.

MEASURING LAND.

Preliminary Definitions, Observations, §'c.

The Instrument used for measuring the sides of fields,
or plantations, is a GuNTER’s CHAMN, which is 4 poles
or 66 feet in length, and is divided into 400 equal parts
or links ; consequently the length of each link is 7.98
inches: also 1 square chain is equal to 16 square perches,
" and 10 square chains make an acre.

‘When the land is uneven or hilly, a four-pole chain
is too long to be convenient, and the measures cannot be
taken with it as accurately as with one that is shorter.
Surveyors therefore generally make use of a chain that
is two poles in length and divided into 50 links. The
measures thus taken are, for the sake of ease in the cal-
culation, reduced either to four-pole chains or to perches. -
The following rules shew the method of making these,
and some other reductions.
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To reduce two-pale chains and links.to four-pole chains -
| and links.

RULE.

1, If the number of chains be even, divide them by 2,
and to the quotient, annex the given number of links,
Thus, in 16 two-pole chains and 37 links, there are 8
four-pole chains and 87 links. Or because each link is
the hundredth part of a four-pole chain, the four-pole

chains and links may be wntten thus 8.37 four-pole
chains.

2. If the number of chains be odd, divide by 2 as be-
fore, and for the 1 that is to carry, add 50 to the given
number of links, Thus in 17 two-pole chains and 42 -
links, there are 8 four-pole chains and 92 links, or 8.92
four-pole chains.

reduce two-pole chains and links, to perches and
decimals of a perch.

RULE.

Multiply the links by 4 and the chains by 2. If ‘the
links when multiplied by 4, exceed a hundred set down
the excess and carry 4 to the chains. Thus 17 two-pole
chaius and 21 links = 34.84 perches ; also 15 two-pole
chains and 38 liuks = 31.52 perches. '

To reduce four.pole chains and links, ta perches and

decimals of a perch. .

RULE.

Muttiply the chains and links by 4. Thus 13.64 four
pole chains = 54.56 perches.
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To reduce square four-pole chains to acres.

RULE.

Divide by 10, and the quotient will be acres. If there
e decimals in the quotient, multiply by 4 and by 40 to
obtain tH® roods and perches.

Exanrre. In 523.2791 square chains, how many
acres? :

10)523.2791

—————

" 5R.32791

1.31164
40

12.46560

Auns. 52A. 1R. 12P.

Observation on Chaining. All slant or inclined sur-
faces, as the sides of a hill, should be measured horizon-
tally and not on the plane or surface of the hill. To
effect this the hind end of the chain, in ascending a hill,
‘should be raised from the ground, till it is on a level
with the fore end, and by means of a plummet and line,
should be held perpendicularly above the termination of
the preceding chain. Tn descending a hill the fore end
of the chain should be raised in the same manner, and
the plummet being suspended from it, will shew the com-
mencement of the succeeding chain.

The bearing or course of a line is its situation in re.
spect to the north and south points of the horizon,
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"~ Aline runmng due north and south is.called a meri-
dian line.

The bearing of a line is expressed by the angle con-
tained ‘between it, and a meridian line passing through
one of its ends, and is said to be north so many degrees
east or west, or south so many degrees east of, west, ac-
cording as the line runs between the north and east or
north and west, or between the south and east or south
and west.

The bearings of lines are generally taken with an in-
strument called a Circumferentor, or more commonly a
Surveyor’s Compass. A descmptmn of this instrument
or of the method of using it, is deemed unnecessary, as
it will be better understood from a few minutes inspec-
tion of the instrument itself, and an explanation from a
person acquainted with the manner of using it, than from
a detailed description in writing.

The bearing of a line taken at one end, is the reverse
of the bearing of the same line taken at the other end :%
thus if the bearing of a line AB taken at the end A, be
north 35 east, its bearing taken at the end B, will be
south 35° west.

‘When the bearings of two lines, running from the
same point, are given, the angle contained between them
may be found by the following rules.

Rure 1. When the bearings of both lines are between
the north and east or north and west, or between the
south and east or south and west, subtract the less bear.

* Note. This is not strictly true, but the difference is too small to be obsér+
ved in practice. In the latitude of 40° the greatest difference between the
bearing and the reverse bearing of a line a mile in length, is only 447,

L
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ing from the greater ; the remainder will be the angle
contained between them : thus if AB bear N. 34° E. and -
AD, N. 58° E. the angle BAD will be = 24°. Fig. 67.

RuLe 2. When the bearing of one of the lines is be-
tween the north and east and the other between the north
and west;.or when one is between the south and east and
the other bétween the south and west, add them toge-
ther ; the sum will be the angle ¢ontained between them:
thus if BA bear S. 34 W. and BC, 8. 35° E., the angle
ABC will be = 69°. Fig. 67.

RuLe 3. When the bearing of one of the lines is be-
tween the north and east and the other between the south
and east, or when one is between the north and west
and the other between the south and west, add them to-
gether and subtract the sum from 480°; the remainder
will be the angle contained between them: thus if CB
bear N. 35° W. and CD, 8. 87° W. the angle BCD will
be = 58°. Fig. 67. '

RuLE 4. When the bearing of one of the lines is be-
tween the north and east, and the other between the
south and west, or when one is between the north and
west and the other between the south and east, add 180
to the less bearing, and from the sum subtract the great-
er; the remainder will be the angle contained between
them : thus if DC bear N.87° E. and DA, 8. 58° W,
the angle ADC will be = 151°. Fig. 67.




MEASURING LAND. , ' 83

SECTION 1.

Containing rules, reas of triangles, qua-
drilaterals, circ ;s also the method of
protracting a 81 & it8 area by dividing

it into triangles

PROBLEM I

To find the JArea bf a Parallelogram, whether it be a
Sguare, a Rectangle, a Rhombus, or a Rhomboides.

RULE.

Multiply the length by the height or.perpendicular
breadth, and the product will be the area.*

Note. Because the length of a square is equal to its
height, is area will be found by multiplying the side by
itself. :

* DEmonsTRATION. Let ABCD (Fig. 68) be a rectangle ; and let its length
AB and CD, and its breadth AD and BC, be each divided into as many equal
parts, as are expressed by the number of times they contain the lineal measuring
unit; and let all the opposite points of division be connected by right lines.
Then, it is evident that these lines divide the rectangleinto a number of squares,
each equal to the superficial measuring unit; and that the number of these
squares is equal to the number of lineal measuring units in the length, as often
repeated as there are lineal measuring units in the breadth, or height; that is,
equal to the length drawn into the breadth. But the area is equal to the num-
ber of squares or superficial measuring units; and therefore the area of a rect-
angle is equal to the product of the length and breadth.

Again, a rectangle is equal to any oblique parallelogram of an equal length
and perpendicular height (36.1.); therefore the area of every parallelogram is
equal to the product of its length and height.
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EXAMPLES.

1. Required the area of a square field, a side of which

measures 7.29 four.pole chains.

. Ch.
7.29
729

. 6361
. 14468
5103

10)53.1441

5.84444
4

— ——

1.25764
40

10.30560

MEASURING LAND.

.

Area 5A. 1R. 10P.

2. Required the area of a rectangular field whose
length is 13.75 chains, and breadth 9.5 chains.

Ch.
- 13.75
9.5

6875
12375

10)130.625

13.06256
4

2500
- 40

10.0000

~ Area 13A. OR. 10P.
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8. Required the area of a field, in the form of a rhom-
boides, whose length AB is 42.5 perches, and perpendi-
cular breadth CD is 32 perches. Fig. 15.

. P.
4.5
32 L

850
1275,

4/0)1860.0

4)34
8A. 2R.
4. What is the area of a square tract of land, whose
side measures 176.4 perches? Ans. 194A. 1R. 36.96P.

5. Whatis the area of a rectangular plantation whose
length is 52.25 chains, and breadth 38.24 chains?

‘ Ans. 199A. 3R. 8.6P.

6. The length of a fleld, in the form of a rhombus,

measures 16.54 chains, and.the perpendicular breadth

12.37 chains: required the area. Ans. 20A. 1R. 83.6P.

7. Required the area of a field in the form of a rhom-
boides, whose length is 21.46 chains, and perpendieular
breadth 11.82 chains. Ans. 23A. 3R. 32.5P.

PROBLEM 11

To find the area of a triangle when the base and per-
pendicular height are given.

RULE.

Multiply the base by.the perpendicular height, and
half the product will be the area.*

® DemoxnsTrATION. A triangle is half a parallelogram of the same base
and altitude (41.1.), and therefore the truth of the rule is evident.
» ¢ ’
.
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EXAMPLES.

4. The base AB of a triangular piece of ground, mea-
sures 12.38 chains, and the pgrpendicular CD 658
chains : required the area. Fig. 49.

’

" Ch.

e 1238

6.78

9004 -
8666
7428

2)83.9364

10)41.9682  Area4A. OR. 34P.

4.19682
4

© 78728

4

31.49120

2. Required the area of a triangular field, oue side of
which measures 18.37 chains, and the distance from this

_ side to the opposite angle 13.44 chains.

Ans. 12A. 1R. 15P.

3. What is the area of a triangle whose base is 49
perches and height 34 perches? Ans. 5A. OR. 33P.
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PROBLEM II11.

To find the area of a triangle when two sides and their
included angle are given.

RULE.

As radius, ,
Is to the sine of the included angle ;
So is the rectangle of the given sxdes,
To double the area.*

EXAMPLES.

4. In a triangular lot of }ground ABC, the side AB
measures 64 perches, the side AC 40.5 perches, and
their contained angle CAB 30°: required the area. Fig.
19. :

As radius - 10.00000
Is to sin. A, 30° . 9.69897
. 64 - 1.80618
Sois AB. AG, { w05 . 166
g 13.11264

.

To double the area 1296 perches 3.11261

——

40)64/8

D ———]

4)16..8 :

4A. OR. 8P. .
e DeMonsTRATION. In the triangle ABC, Fig.49. let AB and AC be the

. given sides, including the given angle A, and let CD be perpendicular on AB.

Then by trig. rad. : sin. A :: AC : CD; but (cor. 15.) AC:CD:: AC X AB:
CD X AB; therefore (11.5.) rad.:sin. A :: AC X AB:CD X AB; but CD
X AB is equal to twice the area of the triangle : hence the truth of the rule is
evident.
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2. What is the area of a triangle two sides of which
measure 15.36 chains and 11.46 chains respectively, and
their included angle 47° 30'? Ans. 6A. 1R. 38P.

3. One side of a triangular field bears N. 12° E. dis-
tance 18.23 chains, and at the same station the other ad-
jacent side bears N.78° 30’ E. distance 13.84 chains :
required the area. Ans. 14A. 2R. 11P.

4. Required the area of a triangular piece of ground,
one side of which bears N. 82° 30’ W. dist. 19.74 chains
and at the same station, the other adjacent side S. 24¢
15 E. dist. 17.34 chains. Ans. 14A. 2R. 8P.

PROBLEM 1V.

To find the area of a triangle when one side and the two
' adjacent angles are given.

RULE.

Subtract the sum of the two given angles from 180°,
the remainder will be the angle opposite the given side.
Then,

As the rectangle of radius and the sine of the angle
opposite the given side,

Is to the rectangle of the sines of the other angles,

So is the square of the given side,

To double the area.*

* DemoNsSTRATION. Let AB, Fig. 49, be the given side of the triangle ABC,
and A and B the given angles; also let CD be perpendicular on AB: Then
by trig. 8
sin, ACB : sin.B :: AB : AC

rad. : sin. A :: AC : CD.
Therefore (25.6.) rad. X 'sin. ACB :sin. A X ein. B:: AB X AC :CD X AC
::(cor. 1.6) AB:CD :: AB2: AB X CD; but AB X CD is equal to donble
the area of the triangle ABC; therefore (11.5.) rad. X sin. ACB : sin, A X
sin. B : : AB2 : double the area of the triangle ABC. :
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EXAMPLES. . .

1. In a triangular field ABC, the side AB measures
%6 perches, the angle A 60°, and the angle B 50°:.
quired the area. Fig. 47. -

The angle ACB = 180? — the sum of the angles A
and’ B =70°, '

Asrad xsin €, o s s Ou. 0ioton
“tsin. A X sin. B, {:;2. Abe 9.53758
P
: double area in perches 4078 3.64044
. g
. 4)50..39
12A. 2R. 39P.

2. One side of a triangle measures 24.32 chains, and
the adjacent angles are 63° and 74°; required the area.
Ans. 87A. OR. 22P.

3. What is the area. of a triangulnr field, one side of
which is 17.86 chains, and the adjicent angles 37° 3¢/
and 48° 15'? Ans. 6A. 3R. 18P. '

propefNy
To find the area of a triangle, when the three sides are
given.

« RULE:

From half the sum of the three sides subtract each
side severally; multiply the half sum and the three re-
M 7
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mainders continually together, and the square root of the
last product will be the area.*

-

* DemonsTRATION. Let ABC, Fig. 69, be the triangle. Bisect any two of
the angles, BAC, ABC, by the straight lines AG, BG, mecting in G let fall on
the three sides of the triangle, the perpendiculars GD, GF, GE, and join GC ;
also produce AB, AC, and bisect one of the exterior angles, HBC, by the line
BK, meeting AG{ produced in K, join KC, and let fall the perpendiculars KH,
KM, and KL. Then (26.1) AD is equal to AE and DG to GE; also BD. is
equal to BF and DG to GF; henice GF and GE are equal, and consequently
(47.1) CF is equal to CE. In like manner it may be proved that AH is equal
to AL, BH to BM, and CM to CL; as likewise that K, KM and KL are equal
to each ether, Now since BH is equal to BM and CL to CM, it is manifest that
AH and AL together, are equal to the sum of the three sides AB, AC and BC;
hence AH or AL is equal to the semiperimeter of the triangle ABC. But since
twioe AD, twice BD and twice CF are the sum of the sides of the triangle, or
twice AH, it is obvious that AD, BD and CF together, are equal to AH; conse-
quently CF is equal to BH or BM; hence CM or CL is equal to BF or BD; and
therefore DH and 8C are equal.

. I now from the semiperimeter AH, the three sides AB, AC and BC be seve-
rally taken, the remainders will be BH, CL (or BD) and AD respectively.

Again, since the angles DBF and DGF are together equal to two right angles,

- as likewise DBF and FBH tqgether equal to- two right angles, it is manifest

that the angle DGF is equal to the angle HBF, and the angle DGB to the angle

HBK; the triangles DBG and HKB are therefore similar. Hence BD : DG : :

KH : HB; also in the similar triangles ADG, AHK, AD : DG:: AH: HK;
therefore (23.6) AD X BD: DG2 :: AH : HB’:: AHS : AH X HB.

Xf therefore we take between AD and BD, and between AH and HB, the mean
preportionals M and N respectively, the foregoing analogy will become M3 :
DG2 :: AHS : N3; hence (22.6) M : DG :: AH : N; consequently the rectan-
gle M X N i3 equal to the rectangie AH X DG, that is to the sum of the tri-
angles ABG, BCG and ACG. Whence the truth of the rule is manifest.

t The angle BAC is less than the angle HBC (16.1); consequently BAG is
leas than HBK, and BAG, KBA, ‘;:te together less than HBK, KBA; but HBK,
KBA, are together equal to twa'right angles; hence BAG, KBA, are less than
awo elgght angles; therefore (cor. 29.1) the line BK will meet the line AG pro-

uced.
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EXAMPLES.

1. Requix;ed the area of a triangular tract of lund,;
whose three sides are 49.00, 50.25 and 25.69 chains,

4‘90%
50.25
25.69
; Sum 124.04 _
Half sum = 62.4% | log. 1.79667
) 13.47 1.12987
Remainders 3 12.22 1.0870%
36.78 1.56564
. | 2)5.57772
615 chains 2.78886
64.5 Acres = 61A. 2R.

2. What is the area of a triangular field whose sides

_ measure 10.64, 12.28 and 9.00 chains?

Ans. 4A. 2R. 26P.

3. What quantity of land is contained in a triangle,
the sides of whi¥h are 20, 30 and 40 chains ?
Ans. 20A. 0R. 7P,

PROBLEM VI.

To find the area of a trapexium, whex one of the diago-
nals and the two perpendiculars let fall on it from the
opposite angles, are given. ‘

J

RULE.

Multiply the sum of the perpendiculars by the diago-
nal, and half the produet will be the area.*

AC x BF
-

* DenoNsTRATION, The area of the triangle ABC = )
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« JNote. When all the sides and one of the diagonals
are given, the trapezjum will be divided into two trian-
gles, the area of each of which may be found by the last
problem. The sum of these areas will be the area of
the trapezium. -

EXAMPLES

1. In a field ABCD in the form of a trapezium, the
diagonal AC measures 20.64 chains, the perpendicular
BF 6.96 chains, and DE 5.92 chains: required the
erea. Flg 70, ' ‘

Ch. .
‘ 6.96 ' N
) 592

< o ' . 18..88
. 20.64

5152
s
2076

: 2)265 8482

f

132, 9216011 = 13A. 1R. 6P.

2. Required the area of trapezmm. whose diagonal
measures 16.10 Ch. and the perpendxculars 6.80 Ch, and
340Ch. Ans. 8A.OR, 33:P..

and the area of the triangle ADC = AC ); DE

; therefore the sum

AC x BF

of these areas, or the area of the trapezium ABCD == 3

+ AC ; DE = ‘BF';' DE X AC. Fig. 70.

IA“‘
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8.. The diagonal of a trapezium is 24Ch. and the per-
pendiculars are 8.27Ch. and 44.43Ch.: what:is the.

agea? 24A. 3R. 44P. -

PROBLEM VIL
To ﬁmZ the area of a tmp‘emum, when all the angles and
two’ opposzte szdes arve given.

{

Note. - WTum three of tke angles are given the fourth
may be fozmd by subtractmg tkezr sum from 360

-

e ~ RULE.

Consider one. of the given sides and its adjacent an-
gles, or their snpplements when their sum exceeds 180°,
as the side and adjacent dngles of a triangle, and find its
double area by prob. 4. Proceed in the same manner
with the other given side and its adjacent angles : Half
the difference of the areas thus found will be the area of
the trapezmm. .

EXAWPLES

1. In a four-sxded field ABOD there are given the -
following bearings and distances, viz. AB, N. 24° E.
dist. 6.90Ch. BO, N. 64° 40' B. CD, 8. 35°20’E dist.
14.60Ch, and DA, 8.88° W.: reqmted the area. Fig .
71. .

-
~

* DeMoxsTRATION. Let AB, CD, Fig. 71. be the glven'&;xdes .
of the trapezium ABCD. Produce DA, CB to meet in E; then

2 ABCD = 2 EDC — 2 EAB or ABCD _2EDC;93AB
.

Hence the truth of the rule is evident.
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From the given bearings, the angles may be found as
follows ;

AD, N.88°E. CB, S. 64° 40'W.
AB,N. 24 E. CD, 8.35 20 E.
BAD = 64° BCD = 100° 00
BA, 8.24°00 W. DC, N. 85°20'W.
180 00 DA, S.88 00 W.
204 00 ' . 123 20
BC, N. 64 40 E. 180 00
ABC = 139 20 ADC =56 40
"Construction.

Make AB = 6.90, and draw DA, CB, making the
angle DAB = 64°, and ABC = 139° 20'; produce DA
and make the angle EAF = 66° 40’ = the given angle
ADC; lay off AF = 11.50 = the given side CD, and
parallel to AD draw FC, meeting BO in C lastly draw
CD parallel to AF, meeting AD in D, then will ABCD
be the trapezium.* ’

Calculation.

The angle E = 180° — the sum of the.angles. BCD,
ADC = 23° 20. ,

* DeMonsTRATION. By construction FC is parallel to AD and CD to AF,
therefore (34.1) CD = AF and (29. 1) the angle ADC = EAF; hence it is
cvident that the sides AB, CD, and the angles of the trapezium ABCD are re-
spectivelXequal to the given sides and angles.

- —— e
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Asrad. xsin. B, 3T o rhn O 000000

. sin. EAB X sin. EBA, gﬁ‘;j BBA 0 59 Sonsbe

. AB 6,90 0.83885
o AB 6.90 0.83885
: 2 EAB 76.@05 - 1.84760
rad. ) Ar. Co. 0,00000

+As rad. X sin. E gsm E 23° 20 Ar. Co. 0.40222
: sin. ECD X sin. Enc,{g:'; B 100 % D338
.. CD* OD 11.50 - 1.06070
i o 6D 11.50 1.06070
<2 EDC 274731 - 2.43501

2EAB 70405
3 ABCD 204.326

g s

ABCD = 102.163Ch. = 10A. OR. 34.6P.

2. In a trapezium ABCD, the angles are, A = 65°,
B =81°, C = 120° and consequenﬂy D = 94°; also the
sxde AB = 20Ch. and CD = 14Ch. : required the area.

Ans. 22A. 2R. 27P.

3. Required the area of a fom' sided piece of land,
bounded as follows ;

1. N. 12°30' E.
2. N. 81 00 E. dist. 23.20Ch.
3. S.36 00W.
4. N.89 00 W. dist. 12.90Ch.
Ans. 27A. 2R. 24P.
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PROBLEM VIIL -

To ﬁml the area of a trapexium when three sides and
the two included angles are gwen.

‘RULE.
As radius,
Is to the sine of one of the given angles;
So is the rectangle of the sides including this angley .

To a certain quantlty

As radms,
Is to the sine of the other given ungle 3

~ So is the reciangle of the sides includidg this other
. angle,

"To a second quantlty

Take the dlﬁ‘erence. between the sum of the ngen an-
gles and 180°; Then,

As radws, ‘
Is to the sine of this dxﬂ'erence,

So is the rectangle of the opposite given sxdes,
To a third quuntlty

If the sum of the given angles be less than 180°, sub-
tract the third quantity from the sum of the other two,
and half the difference will be the area of the trapezium.
But if the sum of the given angles exceed 180°, add all’
the three quantities together and balf the sum will be

the area.*

¢ DemonsTrATION. Let ABCD (Fig 72 or 75), be the trapezium, having
the given sides AD, AB, BC, and given angles DAB, ABC. Complete the pa-
rallelograms ABCE, ABFD, and join ED, CF; then because EC, DF are each
parallel to AB, they are (30.1.) parallel and equal to each other, and (33.1.)
ECFD is a parallelogram ; therefore ABFD = ABHG - GHFD = (35.1.)
ABCE - ECFD = (34.1) ABCE + 2ECD; to the first and last of these equals
addABCE,thenABFD+ABCE—2ABCE+2ECD=2ABCDE.

l
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EXAMPLES.

4. In a trapezium ABCD, there are given AD =
23.32Ch., AB =25.70Ch., and BC = 15.84Ch., the an-
gle DAB = 64° and ABOC = 82°: required the area.

As rad. - - Ar. Co. 0.00000
:sin. DAB, 64 . . . . 9.95366
T > AD 23.32 - 1.36773
11 AD x AB, 3, 25.70 - 1.40993
: first quantity 538.66 - 2‘232138
As rad. - - Ar. Co. 000000
: sin. ABC, 82° - - 9.99575
v A AB 25.70 - 1.40993
©:ABXBC, dpy158e - 4.49075
: second quantity 403.42 - - R.60548

'~ DABér

ABC 82

146,

180

Difference 3%°

A I

But Fig. 72, when the sum of the given angles DAB, ABC, is less than 180°,
¢ ABCDE =3 ABCD +4 2EAD; therefore in this case ABFD +4 ABCE =
2ABCD + 2EAD or ABFD 4 ABCE —2 EAD = 2 ABCD.

And, Fig. 73, when the sum of the given angles DAB, ABC, exceeds 180°,
2 ABCDE = 2 ABCD — 2 EAD; therefore ABFD -4 ABCE = 2 ABCD =
2EAD or ABFD 4 ABCE 4+ 2 EAD = 2 ABCD.

" But by prob. 3. one of the first two proportions gives 2 BAD (= ABFD), and
the other gives 2 ABC (= ABCE); also because the angle EAD is the differ-
ence between the sum of the given angles and 180°, and the side EA = BC,
the third proportion gives 2 EAD: hence the truth of the rule is manifest.

N
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As rad. - - Ar. Co. 0.00000
.: gin. difference 34¢ - - 9.74756
. AD 2332 - 1.36773
pADX BG, {BC 1584 - 1.49975
: third quantity 206.55 - 2.31504

1st quantity 538.66

'%nd — 403.12

941.78

8rd —  206.55

2)735.23
367.615Ch. = 36A.3R.2P.

2. What is thé'area of a four-sided lot of ground,
three sides of whieh, taken in order, measure 6.15, 8.46
and 7.00 chains, respectively, the angle contained by the
first and second sides 56°, and that contained by the se-
cond and third sides 98° 30'? Ans. 4A. OR. 25P.

8. One side of a quadrilateral piece of land bears 8.

¥3 E. dist. 17.53Ch., the second, N.87° E. dist. 10.80Ch.
and the third, N. 253 E. dist. 12.92Ch.: what is the

‘area? ‘Ans. 21A. 3R. 2P.

Note. As in triangles any three parts, except the three
angles, being given, the area may be found, so in trape-
ziums any five parts, except the four angles and one
side, being given, the area may be found. Several other
problems might therefore be introduced for finding the
areas of triangles and trapeziums, depending on the dif-
ferent parts, sufficient to limit them, that may be given :
but as they seldom occur in practice, and when they do,

may readily be solved by means of trizonometry and the

preceding problems, they are omitted.
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© PROBLEM IX.

To find the avea of a trapezoid, that is, a trapexium two -
. of whose sides are pamllel but not equal.

] RULE

Multiply the sum of the parallel sides by their per-
pendicular distance, and half the product will be the
area.* ,

EXAMPLES.

1. Required the area of a trapezoid ABCD, of which
the parallel sides AD, BC measure 8.44 and 9.48 chains
respectively, and their perpendicular dista.nce BF or
DE, 7.80 chains.

\

Ch.
6.14

£)121.8360
60.9180Ch. = 6A. OR. 15P.

* DxmoNsTrATION. The trapezoid ABCD, Fig. 74, = the tri-

BF
angle ABD + BDC = (by prob. 2), AD S+ BC ;‘DEg

(because BF = DE); A2 X BF . BC;BF AD"";CXBF.
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2. The parallel sides of a trapezoid are 12.41 and
8.22 chains, and their perpendicular distance 5.45 chains:
required the area. Ans. 5A. 1R. 10P.

8. Required the area of a trapezoid whose parallel
sides are 411.34 and 18.46 chains, and their perpendicu-
lar distance 13.25 chains. Ans. 19A. 2R. 39P.

PROBLEM  X.
To find the area of a circle, or of an sllipsis *
| | RULE.

Maultiply the square of the circle’s diameter, or the
product of the two diameters of the ellipsis, by 7854,
for the area.t

Note. 1. If the diameter of a circle be multiplied by

- 8.1446, the product will be the circumference; also if

the circumference be divided by 3.1446, the quotient
will be the diameter.

2. If the area of v,a, circle be divided by 785‘&\, the
square root of the quotient will be the diameter.

® If two pins be set upright in a plane, and a thread, the length of which is
greater than twice the distance between the pins, having the ends tied together
be put about the pins; and if the point of a pin or’pencil, applied to the
thread, and held so as to keep it uniformly tense, be moved round, till it return
to the place from which the motion began; then the point of the pin or pencil
will have described on the plane, a curve line called an Elipsis.

1 The demonstration of this rule is too abstruse to admit of a place in this

work. The student who wishes to see a demonstration is referred to treatises
on Mensuration or Fluxions.
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)
~

] * EXAMPLES, o
1. How many acres are in a circle a mile in diame-
ter ? v .
1 mile = 80Ch.

80
6400
7854
8141600
47124
5026.5600 Sq. Ch. = 502A. 2R. 25P. nearly.
Or by logarithms. ,
$80 log. 1.90309
8 f 5
| quare of 80, {80 , 7 1.80309
, 7854 . ' —1.89509
5020.56 8q. Ch. 37012y

2. Required the area of an ellipsis, the longer diame. .
ter of which measures 5.36ch, and the shorter 3.28ch.
Ch.
5.36
3.28

-+ 4288
1072
1608

17.5808
834

70323
879040
1406464
1230656

1380796032 Sq. Ch. =1A. 1R. 20.9P.

t
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Or by logarithms.
‘ 5.36 log. 0.72916
5.86 X 3.28, § 3.28 ' 0.5158Y7
: 7854 —1.89509
13.808 Sq. Ch. 1.14012

8. Required the area of a circular park, the diameter
of which is 100 perches. Ans. 49A. OR. 14P.

"4. Required the area of an elliptical fish pond, the
longer diameter of which is 10 perches and the shortef
5 perches. Ans. 39.87 8q. Per.

PROBLEM XI.

To grotract o Survey, and to find its area by dividing it
into triangles and trapexiums.

" "The method of doing this will be best understood by
an example. Thus,

Suppose the following field-notes to be given‘, it is re-
guired to protract the survey and find its area.

. 4. N. 50° E. 960
2. 8. 32°E. 16.38
8. S. 1°W. 6.30
4. - West 843

5. N.79°W. 10.92
"~ 6. N. 5° E. 11.2F
7. 8.

83°B. 6.48
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To protract the survey.

o - Method 1st. )

Draw NS, Fig. 75, to represent a meridian line; then
N standing for the north and S for the south, the east
will be to the right hand and the west to the left. In
NS take any convenient- point as A for the place of be-
ginning, and apply the straight. edge of the protractor te
the line, with-the céntre to the pojnt A, and the arch
turned towsrd the east, beeause the first bearing is east-
erly; then holding the protractor in this position, prick
off 50° the first bearing, from the north end, because the
bearmg is from the north; through this peint and the
point A, draw the line AB on which lay 9.60 chains,
the first distance from A to B. Now apply the centre
of the protractor to the point B, with the arch turned to-
ward the east, because the second bearing is easterly,
and move it till the line AB produced cuts the first bear-
ing 50°; the straight edge of the protractor will then be .
parallel to the meridian N'S ; hold it in this position and
from the south end prick oﬁ' the second bearing 32°;
draw BC and on it lay thé second distance 16.38 chams
Proceed in the same manner at each station, observing
always, previous to pricking off the suceeeding bearing,
to have the arch of the protractor turned easterly or
westerly according to that bearing, and to have its
straight edge parallel to the meridiang this last may al-
ways be done by applying the centre, to the station point
and making the preceding distance line, produced (or not
as may be) if necessary, eut the degrees of the preceding
bearing : It may also be dene by drawing a straight line
through each station, parallel to the first meridian.

‘When the survey is correct and the protraction accu-
rately performed, the end of the last distance will fall on
the place of begmnmg
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Method second.

With the chord of 60° describe the circle NESW,
Fig. 76, and draw the diameter NS. Take the several
bearings from the line of chords and lay them off on the
circumference from N or S8 according as the bearing is
northerly or southerly, and towards E or-W according
as it is easterly or westerly, and number them 1, 2, 3, 4,
&c. as in the figure. From A the centre of the circle, to
1 draw A 1, on which lay the first distance from A to B
parallel to A 8 draw BC on which lay the second dis-
tance from B to C; parallel to A 8 draw CD on which
lay the third distance from C to D; Proceed in the same
manner with the other bearings and distances.

To find the area.

By drawing lines as in Fig. 75, the survey is divided
into two trapeziums AGFE, AEDB, and a triangle
BDC. Measure the several bases and perpendiculars,
on the same scale that was used in the protraction, and
find the double areas of the triangle and trapeziums by
probs. 2 and 6; the sum of these will be the double area
. of the survey.

Bases. Perpens.
Fa 77509 _ -
EG 16.68 X % e 4m§ 203.6628 = 2 AGFE
‘ Ac 5.85
EB19.17 X §3° w} = 2674245 = 2 AEDB

BD19.23 X Ce 5,16 = 99.2268 =2 BDC
2)570.3111ch.=2 ABCDEFG

e——

- 285.15555ch.=28A. 2R. 2P.
= the area required.
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EXAMPLE 8,

The following field-notes are given to protract the
survey and find the area.
Ch.
1. N. 15° 00 E. 20.
2. N.37° 30 E. 10.
3.  East 7.50
. 4.8. 11° 00 E. 12.50
© B, South 418.50
- 6 West 10.
v, S. 36° 30W. 10.
8. N. 38° 1/'W. 8.50
h . Ans. 46A. 2R. 9P.

EXAMPLE 3.

It is required to protract the survey and ﬁnd the n.rea.
from the followmg field-mrotes.

Ch.
1. N.75°00 E. 1870 |
2. N.20°30 E. 10.30
8. East  16.20
4. S. 33° 30 W.35.30
5. 8. 76° 00' W. 16. i
6. North 9.
y. S. 84° 00'' W. 14.60
8. N.58° 15' W. 11.60 .
9. N.36° 1/ 1920 (Dawitr
10. N: 22° 30’ E. 14. '
11. 8. ¥6° 46 E. 12.
12, 8. 15° 000 W..10.85
3. 8. 16° 45 W. 10.18
Aus. 110A %R. 33P.
o
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‘ SECTION 2.

Containing three difforent rules for finding the areas of
right-lined figures generally, when the bearings and
distances of the boundaries are given.

DEFIN I'I‘IO NS.

1. Meridians are north und south lines, which are
supposed to pass through every station of the survey.

2. The difference of latitude, or the northing or south-
ing of any stationary line, is the distance that one end
of the line is north or south from the other end ; or it ig
the distance ‘which is lntercepted on the memdmn, be-
tween the beginning of the stationary line and a line
drawn from the other end, perpendicular to that meri-
dian. - Thus, if NS, Fig. 77, be a meridian passing
thraugh the point A of the line AB, then is Ab the dif-
ference of latitude, or southing of that line.

8. The departure of any stationary line, is the near-
est distance from one end of the line to a meridian pass-
ing through the other end. 'Thus Bb, Fig. 77, is the
departure or easting of the line AB. But if ns be a me-
ridian, and the measure of the stationary line be taken
from B to A, then is BC the difference of latitude, or
northing, and AC the departure or westing of the line

4. The meridian distance of any station, is the dis-
tauce thereof from ‘a meridian passing through the first,
or some other particular station of the sarvey.

5. The Traverse Table is a table containing the dif-
ference of latitude and departure corresponding to dif-
ferent courses and distances.
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To find the dg?"erence of latitude and departure corres-
ponding to any given course and distance, by means
of 1 the annexed Traverse Table

When the dzstance i8 any number qf whele chains or
perches not exceed‘mg 100

Find the given bearmg at the top or bottom of the ta-
ble according as it is less of morve than 45°. Then
against the given distance, found in the column of dis-

" tances at the side of the table, and under the bearing, if

at the top, or over it if at the bottom, is the correspond:
ing difference of latitude and departure. The difference
of latitnde and departure must be taken as marked at the -
top of the table when the hearing is at the top, but as
marked at the bottom, when the bearing is at the bottom.
Thus if the hearing and distance be 8. 35° 15’ E, dist.
79Ch., the &iff. of lat. will be 64.51Ch. S. and the dep.
45.69Ch. E.: but if the bearing and distance be 8. 54°
78 E. dist. 79Ch. the &iff. of lat. will be 45.59Ch. 8.
and the dep. 64.51Ch. E, - _‘ '

When the distance is ex?wesseet by any whole number qf
chains or perches exceedmg 100.

I)ivide the given distance mto parts that shall ndt ex.
ceed 100 each, and find as before the difference of lati.
tude and departure. corresponding to the given bearing

_and to each of these parts j the sums of the latitudes®

and departures thus found wijl be the latitude and de-
parture required.

® For the sake of conciseness in the expression the word /atitude only is some-
times used ipstead of diffexénce of latitude. P
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EXAMPLES,

1. A line bears N. 204° E. dist. 1417Ch. required the
correspondmg latitnde and departure.

Ch.
Dist. 100 corresp. Lat. 93.67 and Dep. 85 02
17 15.92 5.95
Whole Dist. 119 Lat. 109.59 N. Dep. 40.97 E..

2. What is the difference of latitude and departure of

a line bearing N. 781° W. dist. 243 perches?

Per. Per. Per.
Dist. 100 corresp. Lat. 20.36 and Dep. 97.90
100 2036 , - 97.90
43 . 8.76 42.10
‘Whole Dist. 243 o Lat. 49.48 N. Dep. 237.90W.

When the distance is expressed by chains _or perches -
and decimak of a chain or perch.

Find asabove the latitude and departure corresponding
to the givep bearing and to the whole chains or perches.

Then considering the decimals as a whole number, find

the latitnde and departure corresponding to it, removing
the decimal point in each, two figures to the left hand if
there be two decimals, or one figure to the left if there be
but one decimal ; these added to the former will give the
difference of latitude and departure required.

EXAMPLES.

1. If aline bear S. 413° W. dist. 57.86 Ch. what will
be the corresponding differepce of latitude and depar-
ture ?
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Ch. Ch. Ch., ¢
Dist. 57.00 corresp. Lat. 42.53 and Dep. 37.96
.36 27 24
Whole Dist. 57.36 Lat. 42.80 8. Dp.38,20W-

2. Required the latitude and departure corresponding
to a line which bears N. 72° W. dist. 124.37 perches.

) Per. Per. Per.
Dist. 100.00 cor. Lat. 30.90 and Dep. 95.11
24.00 742 22.83
37— A1 .35

L ——

‘Whole Dist. 124.87 Lat. 38.43N. Dep. 118.29W.

' Note.—If the number of whole chains or perches
be less thap 10, and there be but one decimal figure, the
latitude and departure may be taken out at one view, by
considering the mixed number as a whole one, and taking
out the latitude and departure corresponding to it and
the given bearing, and removing the decimal point in
each, one figure to the left hand. Thus, if a line bear
N. 233° W. dist. 9.8 ch. its difference of latitude will be
8.53 ch. N. and its departure 3.71 ch. W.

PROBLEM.

The bearings and distances of a survey being given, to
Jind the area without the necessity of first protracting
it. ' '

‘ RULE {.

1. Rule a table as in the annexed examples : In the
first vertical column on the left hand, place the numbers
that designate the stations, in the second the bearings,
and in the third thti distances. ,
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¢ 2. Find by the traverse table the latitudes and depar-
tures answering to the several courses and distances,
which place in the four succeeding columns, under N. oxr
8., E. or W, according as they are nerth or soutb, east
or west. Add up the northings and southings, and if
the sums are not equal, find their difference, which will
be the error of the survey in difference of latitude, which
call by the same name as the least sum. Proceed in the
same manner with the eastings and westings, and find.
the error of the departures.

8. Divide each of these errors by the sum of the dis-
tances in the third column, extending the division to four
decimal places.

4. Multiply the first distance, omitting the decimals,
if any, by each of these quotients, and the products will
be the corrections in difference of latitude and departure,
depending on the first coursé and distance. Take the
two first decimals in each of these corrections, increasing
the second by an unit if the third exceed 5, and place
them in the 8th and 9th columns according to their name,
~ and in the same horizontal column with the first course
and distance. Proceed in the same mauner to obtain the
other corrections. If the sums of these errors are not
equal to the errors in difference of latitude and departure
respectivély, which in counsequence of the decimals ne-
gtected will sometimes be the case, alter some of the
by a unit in the second decimal to make them so.

5. Apply these corrections to their corresponding dif-
ferences of latitude and departure, by adding when of
the same name and subtracting when of different names,
and the corrected differences of latitude and departure
will be obtained, which_place in the four succeeding co-
lumns. .
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6. Choose such a place in the columns of corrected
eastings or westings as will admit of a continual addi-
tion of the one and subtraction of the other; or, which
smounts to the same thing, begin at the most easterly or
most westerly point of the survey, and proceed to find
the meridian distances for the several lines in the order,
in which they were surveyed. Thus beginning at the
place chosen, the first departure will be the first meri-
dian distance, which place in the column of meridian
distances opposite the said departure; to this add the
same depariure, setting the sum under the former meri-
dian distance and in the same horizontal column with it.

-If the next departure be of the same name with that just

used, add it to the meridian distance last formed, and
again to that sum ; but if it be of a different name subtract
it twice, and set the sums er remainders in the column
of meridian distances opposite the departure. Proceed
in a similar manner with -each departure, and if the
additions and subtractions be rightly performed, the last
meridian distance will come out nothing.

%. Multiply each of the upper numbers in the column

_of meridian distanees by.the corresponding latitude, and

place the products in the columns of north or south area
according as the latitude is north or south. Half the dif-
ference of the sums of the numbers contained in these
columns will be the area of the survey.*

* DemMonsTrATION.—~Let ABCDEFGH, Fig. 78, represent the boundary of
a survey, and let NS be a meridian passing through the most westerly station,
From the points A, B, C, D, E, F, and H, let fall on the meridian NS, the per-
pendiculars Aa, Bb, Cc, Dd, Ee, Fe, Hh; and from the same points, parallel to
NS, draw the lines Ag, Bn, Cq, Dq, Ep, Fr, Hm; then the bearings, distances,
latitudes, departures, meridian distances, and areas will be as in the following
table. ’

Thus the angle gAB is the first bearing, AB the first distance, and Ag and
Bg the corresponding latitude and departure, the latitude being north and the
departure east. The third course being south, the distance CD is the difference
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WNote. 1. In a true survey the sum of the northings
and southinzs will be equal, and also those of the east.
ings and westings; but in practice, on accout of little
errors that are unavoidable in measuring the lengths of
lines and taking their bearings, these sums will rarely
be found exactly equal.

If either of the errors exceed 2 links for every 10
chains in the sum of the distances, a re-survey ought to
be taken; but if the errors are within these.limits, they
may be corrected as directed i the rule.*

of latitude, and there is no departure. The fifth course being west, the distance
EF is the departure, and there is no difference of latitude.

The sum of the northings is Ag4-Fr-Gh=ab +eG4Gh=—ah +eb=bﬂ+hn
~+eh=eb--ah, and the sum of the southings is Bn4CD--Dq 4 Hm=bc4-cd
~+-de-}-ah==eb+-ah; the sum of the northings is therefore equal to that of the
southings. Also the sum of the eastings is Bg 4-Cn+4Hh-Am=Bg4-Cn+4-Aa
=Bb--Cn=Cc, and the sum of the westings is Eq-{- EF}-Gr=Fq 4 Gr=eq
=Cc; consequently the sum of the eastings is equal to that of the westings.

Now beginning at G the most westerly point of the survey, the east departure
Hh will be the first meridian distance ; to this add the same departure Hh or
ma, and the sum Hh4 ma will be the next meridian distance ; the next depar-
ture Am being also east, add it twice, and the sums Hh4-Aa and Aa+4-bg will
be the two next meridian distances. Proceedmg thus agreeably to the rule to
add each of the easungs twice, and subtract each of the westings twice, the me-
ridian distances will be found as in the table.

But Prob. 9. the product of Aa-}-Bb, the upper meridian distance im the first
horizontal column, by Ag, the corresponding latitude, gives twice the area of
AaBb, which by the rule is to be placed in the column of north areas, because
the latitude is north; also the product of Bb--Cc, by Bn, gives twice the area
of BbcC, to be placed in the column of south areas, because the latitude is
south; and so of the others,

Now the sum of the south areas is 2.BbcC+4-2CcdD+-2.DdeE+-2.AahH=
2BbeEDCB 4 2.AahH=2 ABCDEFGH--2.FeG+ 2.GhH--2.AHhbB-}-2. AahH
:=2.ABCDEFGH 4-2 FeG--2.GhH--2.AabB : From this sum subtracting the
sum of the north arcas, which is 2.AabB2.Feg+42.GhH, the remainderis
2.ABCDEFGH ; that is twice the area of the survey.

* The directions given in the rule, for correcting the errors in difference of
latitude and departure are deduced from the rule given and demonstrated in
No. 4, of the Analyst, by Nathanie! Bowdich, and also by the editor Robert JAdrain.
The demonstration is too long for insertion here. .
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" JVote 2. When one side of the ground is rough and
hilly, it is very probable the measured distance of that
side will be too great; therefore if the errors in latitude
and departure would beth be lessened by lessening the
latitude and departure corresponding to that side, it would
be proper to deduct a few links from the distance and take
out the latitude and departare again, previous to calculat-
ing and applying the correctiaps.

.N'ote 8. Each of the numbers in the column of meri-
dian distances is the sum of two adjacent meridian dis-
tances ; but to- avoid the too frequent repetition of- the
- word sum, it is denominated simply a meridian distance.

EXAMPLE 1.

- The following field-notes are gwen to find the area of

the suryey.

1. S 403° E. dist. m.sfo

N

2 N3¢ E. 2.08
3. N29: E, 2.2
4. N283 E, 35.35
5, N5y W, 21.10
6. S4y W. 31.30
Sta.| Courses{ Digt. | N.| 8. { B. f W,{ M.Dist. | N. Area. | S. Area.
1| gaB | aBlag| [Bg|- | AR | g aum
2| nBC | BC Ba |Cn Y 2. BbeC
. .3 -
3| soun. | 0 | |cD &cig | 2.cam
4| qoe | DE| |pq| |Eqf ggiﬁf 2. DdeE
5| West | EF 1 |er| BtE
6] rr¢ | Fa | er] ¥ |2re
Hh
7| nen. | em [en| |m Hhims | 2GHH
8| mHA | HA Hm|Am f“a_"_"é‘b‘ 2 AshH
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EXAMPLE 3.
ire‘d the area of a tract of land bounded as follows: Ist. N 757

|
|

{

36
.
.

4th.

16 ch.; 6th. North,9 ch.; 7th.
11.60 ch.; 9th. N 36°3 E, 189.

H

S1s5°

ginning.

be

% 12 ch.; 12th.
lace

3rd. East, 16.20 ch.

.
14

.8 76°3

W,
18° W, 10.62 ch. to the p

10.30 ch.
S

E,
S. 76° W,
o1
3
E, 14 ch; 11

3

, 35.30 ch.; 5th.
,11.60 ch.; 8th. N5

o1

4

ch.; 10th. N 22°

10.85 ch.; 15th.

Requ
E, 13.70 ch.; 2nd. N 20

S. 33°
S 84°

Area 110 A\ SR. 6P,

FI 9.53“ Di. | % | s | B, | w lleonfoorkl N} s | B | W pepie| M | s aem
1 zdoi 13.70] 3.54 13.24 02| .02}l 3.56 13.26 294 188.4604 K
2 znowm.« 10.30] 9.65" 3.61 01| .01} 9.66 3.62 N 548.5396
3| East | 1620 16.20 o2f o2 ool fie2g  [183 saud
4 [S333W]| 35.30 29.44 19.494 .05 | .05 29.39 19.44] 1944 571.3416
5 |S76 Wi 16.00 3.87 15.52] 02| 02| 3.85 15.50( goa) 209.3630,
6 { North | 9.00} 9.00 o1 .01 .01 "ot Soerl 629.5387 .
7 |S84 W| 11.60 1.21 1154 .02] .02 1.19 11.52| 8138 96.8422}
8 [N533W| 11.60| 6.94 9.29]| 02| .02|f 6.9 9.27[173 17 7111039
9 IN 363 E| 19.36 [15.51 11.59 03| .02fl15.54 11.61 ool 1551.3582
10 |N 22§ E| 14.00]12.93 5.36 02| .02l12.95 5.38] 5284 1072.7780
11 {S763 Ef 12.00 2.7511.68| 02| .02 2.73/11.70 §:79 179.5248)
12 {S 15 W| 10.85 10.48] 2.81} .02| .01 10.46 2.80| 3588 594.7556
13 [S18 W] 10.62 10.10 3.28] .02 .01 10.08] 3.27) 8293 634.3344
190.53[57.57|57.85{61.68]61.93{l .28| .25 |}57.70|57.70l61.8061.80 4501.8985| 2286.1616
57.57 61.68 . 2286.1616
<28ErN. 25 Er.E. 2)2215.7369
: 1107.86845 Sq.Ch.
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RULE 2.

4. FiAd the latitude and departure comspénding to
each course and distanee, and correct them as directed
in the preceding rule. .

2. Beginning at the first station of  the survey, or any
other convenient place, the first depa.rture will be the

‘first meridian distance, which place in the column of me-

ridian distances, opposite the said departure, and mark
it east or west according as the departure is east or west.
"T'o this meridian distance add the same departure, and

the sum will be the second meridian distance, which

place under the former in the same horizontal column,
and mark it with the same name. Proceeding thus, find
two meridian distances for each horizontal column, ob-
serving that when the meridian distance and deparjure
are both east, or both west, their sum is the next meridian
distance, and of the same name; but when the meridian
distance and departure are of different names, that is one

.east and the other west, their difference is the next meri-

dian distance of the same name with the greater. 'This
done the last meridian distance will be nothing, as in the
preceding method. ‘

3. Muliiply the upper meridian distance in each hori-_

zonta] column by the corresponding latitude, and when
the meridian distance is east, place the product in the
column of north or south area, according as the latitade
is morth or south; but when the meridian distance. is
west, place the product in the contrary column, that is,

* in the column of south area if the latitude be north, and

in the column of north area if the latitude be south. Half
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the difference of ‘the sums of the numbers contained in
the columns of north and south area will be the area of
the survey.*

. * DexoNsTRATION. Let ABCDBRFGHA, Fig.79, represent the boundary

of 8 survey, and let NS be a meridian passing through the first station A. In the
Tine Ee take Es equal to Ff, and draw st parallel to NS; then the courses, dis-
tances, latitudes, depactures, &c. will be as in the following table.

Sta. [Courses.|Dist.] N | 8. | E. | W. M. Dist. |N. Area, S.A're;.
1 | bab |AB | Ab #Bb g, B | AbB

2 | 1BC |BC B c1 . vggid";-’g 2.BbeC
3 | mep [cp tm| |pm|g5k E 2CedD’
4 | no2 | DB Do | Ea Dot E 2DdeE
s | oxr |EF Eo Fo |prer % 2seuv
6 | pFG | FG |Fp Gp g‘;ﬁ_q o 2MG
7 |qcH fer| |eq|ng SEt i W 2600

8| HA |HA|Br Ar A, W 2.ARH

That Ee—Ff and Ff--gp are the meridian distances and 2.seuv the area cor-
responding to the 5th station, may be shewn thus: From Ee--fo taking Fo (=Ff
o) the remainder will be Eo—FY, which is the first; but Ee—Ff-<Ee—Es=—es=—
ft; therefore from Fo taking Ee~—Ff (=) the remainder will be F{4-to=Ff--Es
=Ff-- Ff==Ff+gp, which last is the second meridian distance corresponding to
the 5th station, and is west because the west departure Fo exceeds the east me-
ridian distance Ee—Ff.

Now it is evident that the triangle Ffu is equal to the triangle Esv, and that
the triangle Ftv is equal to the triangle Eet+ From the latter of these equals
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EXAMPLE 1.

The folloivihg field notes are given to find the ares of
the survey.

o Ch.
1. S 39°t E. .25
2. 8 4 W. 400"
3. 854 W. 920
4. N68 W. 3835
5. N75§ W. 895
6. 8741 W. 220
7. 865 W. 9.90
8. N394 W. 15.20
9. N46 E. 27.05

subtract the former, and the remainders fivu, seuv, will be equal; therefore (Ee
—Ft) X Eo=ft X Bo=xft X ef=seft=seuv 4 vuft—2.euv.’

The other parts of the table are sufficiently plain without any illustration.

Now the sum of the south areas 2.BbcC 4 2CcdD 4 2.DdeE + 2.seuv 4 2.FfgG
4 2.AbH=2 AbB 4 2.ABCc 4 2.CcdD 4 2.DdeE 4 2scuv 4 2.Ffu + 2.uFGHh 4
2.GghH 4 2.AhH= (because 2.Ffu=—2.Esv) 2.AbB 4- 2 ABCDEeA 4 2.Ecu 4 2u
FGHhu +2.AhH 4 2.GghH = 2.ABCDEFGHA - 2.AbB+2.GghH; from 'this
sum subtracting the sum of the north areas which is 2.AbB--2.GghH, the re-
mainder is 2.ABCPEFGHA ; that if} twice the area of the survey.
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EXAMPLE 2.

L

3 E, 19.36
S15°W,

3
3 E, 12 chs; 12th."

ry

.

16 ch.; 6th. North, 9 ch.; 7th.
W, 10.62 ch. to the place of beginning.

10,30 ch.; 3rd. East, 16.20 ch.; 4th.
.576°

1 W, 11.60 ch.; 9th. N 36°

2

14 ch.; 11th

18°

76° W,

; 5th. S
8th, N 53°

o
tl
e

ired the area of a tract of land bounded as follows: 1st. N 75°
“2nd. N 20°} E,

£ 'W, 35.30 ch.

, 13.70 ch,;
3
$°84° W, 11.60 ch.

S. 33°

Requ
ch.; 10th. N 22°4 E,

10:85 ch.; 13th.

Area 110 A. 3R. 6P.

Sta.. Coumes. ; Dist. | N. | 8 | B | W. licorN|CornEfl N. | s | B | W. |MDist.| N Aren 5. Avea,
o A . . . 13.26 B
1 [N75° E| 13.70] 3.54 13.24 oz| .02 3.56 13.260  [BBB| 47.9096
: 50.14 &
2 [N205 E| 10.30] 9.65 3.61 01| 01 9.66 s.62)  POISE| 2911624
, . 4998 £
3| East | 1620 16.20 02| .02fl 03 - el @Rl ooms|
; _ 1676 E
4 [S333W] 35.30 29.44)  {19.49] .05 .05 29.39 19.448076 1374.2764
5 |S76 Wl 16.00 387 [15.52f 02| .02 3.85 15.50{1 82 B 45.5070
6| North | 9.00] 9.00 o1 .01} 9.01 01 367w 23.0667
) . : 366W
518w |,
7 [S84 W| 11.60 1.21 11.54]f .02 .02 1.19 152218 W 18,0642 o
: 78597 _
8 [N531W| 11.60| 6.94 9.29f| .02 | 02| 6.96 9.9713357 W 250.3512
- 3363 W/
9 [N363 E| 19.36/15.51] . |11.59 03| .02[f15.54 11.61 o 522.6109)
, 1664 W .
10 |N 224 E| 14.00}12.93 5.36 02| .02|l12.95 5.38 s 215.4880
” 044 F
11 [S763 E| 12.00 2.75(11.68] 02| .02 EXE ITRT IR Ryt 1.2012
12 [S 15 W .10.85 1048 |'2.81) .02/ .01 10.46 ‘2.80| ¢3¢ & 97.6964
13 [S18 W] 10.62 10.10 3.28] 02| .04 10.08| s.27| 3B E $2.9616
190.53}57.5757.85(61,68l61.93|| .281 .25 §57.70|57.70l61.80l61.80] . 357.4218| 257315871
57.57 6168 857.4218
. 28Er.N._ .25 Er.E. . . 2)2215.7369
. 1107.86845

Sq. Ch.
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RULE 3.

1. Find the latitude and departure- eorresponding to
each course and distance, and correct them as directed
in rule 1. p

2. Beginning at the first or any other convenient station
of the survey, place the departure for the corresponding
lower meridian-distance, and mark it with the same name
as the departure; take the sum or difference of this me-
ridian distance and the pext departure, according as they
are of the same or different names, and place it for the
upper meridian distance of the next horizontal column,
marking it with the same name as the meridian distance
and departure when they are alike, but with the name of

- the greater when they are different. Proceed to find the
remaining meridian distances, products and area in every
respect as directed in the last rule.*

Note. In working by this rule there is one multipli-
cation less to make than by either of the preceding, be-

cause the last meridian distance which always comes

out nothing, is an upper one.

* By drawing a meridian line to bisect the side whose departure is made the
first meridian distance, the demonstration of this rule my be formed nearly in
the same manner as the one preceding.

HNote. It may not be improper, here to remark that the three preceding rules
are only some of the different cases of one general rule that might have been
given. But it was thought better to give them thus distinctly as they are the:y
by rendered plainer.
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EXAMPLE.
The field-notes being the same as in the last example,

Sta. Courses. Dist. N. 8. E. W, Cor. N.[Cor. E, N. S, E. Ww. M. Dist. N. Area. 8. Area.
1 IN73° Ef 13.70] 3.54 13.24 02| .02 3.56 13.26 e
2 [N 204 E| 10.30] 9.65 3.61 o1} o1 9.66 3.62 - |68BE 1)63.0608
3| East, | 16.20 16.20 02| .02f .02 16.22 wwmmw 7344
4 |S 333 W| 35.36 29.44 19.49| .05] .05 29.39 19.44 [33-50E 984.5650
o : 1406 E
E | 5876 W] 1600 3.87 15.52] 02| .02 3.85 15.50 | M4 W 55440
[ ] g B
.m 6 | North, | 9.00| 9.00 ot .o1f 910 .01 ummm«« 122.5393
= A CEY VT
F: 7 1S 84 W| 11.60 1.21 11.54] .02] .2 119 1152 2544 W 33.8436
= |8 [Ns3tw| 11.60] 694 9.29 | .02| .02]| 6.96 9.97 (10BN 342.6408
a :
.m 9 |N 363 E| 19.36] 15.51 11.59 03| 02| 15.54 11.61 Erp 728.6706
g, Jro N 22} E| 14.00| 11.93 5.36 02| .02 12.95 5.38) - (W $87.2050
£ 1 [s7ez Ef 1200 2.75| 11.68 .02/ .02 273| ngop 1353 349986
® : N .
W 12'|S 15 W] 10.85 110.84 281 02| .01 - 10.46 2.80 | 392 W1 41.003%
.m 131s.18 W] 10.62 10.10 3.28] .02/ .01 10.08 3.27 | 590 w1100.6992
- 190.53| 57.57| 57.85] 61.69| 61.93 .28| 251l 57.70] 57.70] 61.80] 61.80| _  {379.8838 | 2595.6207
5757 61.68 . 379.8838
O bm—— - E———
TT28Er.N. T 25 EnE. . 2)2215.736¢
1107.8684

Ny

Area 110 A, 3 R. 6P,

Sq. CI

R el
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In the preceding examples the bearings and distances
of all the boundaries are given; but when the field-work
is accurately performed, the area may be calculated, if
any two of the bearings or distances, or one beariig and
distance be omitted. The method of doing this in the
cases most likely to occur in practice, is exemplified in
the three following examples. Either of the preceding
rules may be used in the calculation.

EXAMPLE 1.

In taking a survey of a tract of land bounded by six
straight sides, I was prevented going directly from the
3rd to the 4th corner by a pond of water. I therefore
set up two stakes near the edge of the pond, and took
the bearing and distance from the 3rd corner to the first
stake, from the first stake to the second, and from the se-
cond to the 4th corner, and noted them in my field-book
as all belonging to the 3rd station of the survey. The
field-notes being as follow, the bearing and distance of
the 3rd side, and the area of the survey are required.

Ch.
1.  North, 7.81
2. 8. 76°:'W, 18,15
S. 52 W. 1050

3. ES. 73 W. 1&92%
- (S.33 E. 9.00
4. N.84: W. 27.12
5. N. 43 W. 22,00
6. East, 16.58

To find the bearing and distance of the 3rd side, Fig. 80.

Find the difference of latitude and departure for each
of the devious courses, EA, AB, and BC. Then the
difference between the sums of the north and south lati-
tudes, and the difference between the sums of the east
and west departures, will be the difference of latitude
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and departure corresponding to the 3rd side, and of the
same name with the less sums respectively.

Sta. Courses. Dast. N. . S. E. W-_i

EA|S. 55" Wil 10.70 - 6.59i 8.48

AB[S. i W. 1399  |13.80 T'él
BC|S. 334 E. | 9.00] .63 4.9 | -

| 92  10.25

Lat. N. 4.93

Dep. E, 5.32

Draw CD parallel to NS, and on it let fall the per-
pendicalar ED; then will CD be the difference of lati-
tude, and ED the depurture ‘corresponding to the 3rd
side, ard the angle DCE will be the beanng, which will
be between the north and east in going from C to E.
"Therefore by trigonometry,

As diff. of lat. CD=2y.92 N. 1.44591
Is to the dep..‘ ED = 5.32 E. 0.72591
Soisrad. - - - 40.00000
10.00000

To the tang. of DCE, or bearing of
CE, N. 10° 47 E. - 9.28000
Consequently the bearing of EC is 8. 10° 47 W.
As rad. - - 410.00000
Is to sec. of DCE 10° ‘117' - 10.00774
So is the diff. of 1at. CD=27.92 1.44591
' 11.46365
To the dist. EG 2842 - 1.45365

The beéring and distance of the 3rd side is therefore
8.10° 47 W. 28.42 Ch.
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By Rule 2.

fsa]  Courses. Diet. N. s, E, w. feor. slCorw.] N. 5. g ! w M. Dist. | N. Avea. | S.Area.
- 0,01 W U
1{ North, 7.81] 7.81 .0t | .01 7.80 ..o_ 002 Wi . .0780
2| 8 76°4 E | 18.15 4321 17.63 04 | .83 436 17.60 wwwwm "~ .| 76.6488
; . —2582 E .
31S10° 47" W] 28.42 27.92 5.324.05 | .04 27.97 | 53615, 46 F | - 834.0654
4| Nsag W/ or12| 272 2698 .05 .04 | 2.67 27.02| 236 Wi 6.8352
. . 041 2 | 22 9058 W
, : 31.34 W
S| N 44 W | 22.00| 2193 1.73 f .04 |.03 || 21.89 176|334 v 686.0326
] .
6| East, | 16.68 16.58 03 |.03 03| 1655 1855 Wlo.4965 ]
120.18 | 32.46 | 32.94| 34.21| 34.03 | .22 1.18 U 32.36| 32.36 | 34.15| 34.15 0.4956/1603.6600
32.24 34.03° o - 4965
.22 Er. S, 18 Er.W. - . . 2)1603.1635
» 7 7801.58715 Ch
Ang.

Area 80 A. O R. 23 W. :
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EXAMPLE 2. ‘

In a survey of which the following are the field-notes,
the bearing and distance of the last side were not taken
bn account of obstacles in the way; but depending on
the accuracy of the others, it is required to find them and
the area of the survey. c

v : h.
1. N.60° W. 9.7
. 2 N. 17+ E. 7.65
8. N.15: W. 940 .
4. N.63; E. 1043
5. 8. 49 E. 812
6. S. 134 E. 845
7. 8. 16 E. 6.44
8

T6 find the area. )

With the given bearings and distances find their cor-
responding latitudes and departures, and what they want
of balancing will be the difference of latitude and depar-
ture of the closing line. The area may then be found as
in the preceding examples. '

. By Rule 3.
[sta.] Courses. l?in. N. 8. E. W. | M. Dist. | N. Area. | S. Area.
o 0.00
1[N 68° W| 9.79| 4.86 8.41| 3%
. 6.
2|N 173 E | 7.65| 7.31 :2.27 Serwt | 448834
3|N 153 E | 9.40| 9.05 2.55 sozml - | s8.1010
' y 039E
4[N 633 E |10.43] 4.61 9.36 0398 | 1.7979)
5(S 49 E | 8.19] 5.55) 6.1 e 84.6404
, 9E
6[S 134 E| 8.45 s.22f 198  P3NE 197.1978
el 27.83 E
7|s 163 E | 6.44 6.17) 18¢f  [TSIE 1717111
8 6.11 1064199 E1  li16.8055
25.83125.83(21.60/21.60 1.7979]672.9292
1.7979
2)671.1315
. . 355.56565
\ Area335A.2R.9P. Sy. Ch.
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~« With the difference of latitude and departure of the
closing line, its bearing and distance may be found as
-in the preceding example. Thus,

To find the bearing.
As diff. of Iat. 6.1 S... - 0.78604
Istodep. 1064 W. . 1.02694

8o is rad. - - - 10.00000
11.02694

To tang of bearing 8. 60° 8 W.  10.24090

a T find the distance.

. Asrad, - - - . 10.00000
Is to sec. of bearing 60° 8 - . 10.80279
Bois diff. of lat. 614 . 0.78604

w

11.08883

To the distance 12.2Y - 1.08883

The bearing and distance of the last side is therefore
8. 60° 8 W. 12.27 ch.

4
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EXAMPLE 3.

R

In a survey, represented Fig. 81, the corner at A was
inaceessible, occasioned by the overflowing of water, but
being a tree, it can be seen from the adjacent corners B
and L. -1 therefore set my instrument at B and took the
beurmg to A, which T reversed, and set in my field-
book as the first bearing. I then proceeded to take the
bearings and distances of the several sides to L ; and at
L, I took the bearing of the side LA. The field-notes
'being as,follow, the length of the sides AB and LA, and
the area are required.

: Ch.
., AB, N.51} W.-
. . BO, 8. 461 W. 15.16
CD, N.50 W. 22.10
DE, North  18.83
EF, N.48- E. 22.60
FG, N. 25} W. 20.47
GH, East 26.57
“HI, S. 30§ E. 22.86
IK, 8. 4¥F W. 15.04
KL, S. 47 E. 28.55
' LA, S. 201 W.

By taking the difference of latitude and departure for
each of the sides BC, CD, DE, EF, FG, GH, HI, IK,
and K1, and balancing, we shall have the difference of
latitude and departure of LB, with which its bearing and
distance may be found as in the last example.

R
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Sta.| Courses. | Dist. { N. 8. E | W
BC S 45°}W]| 15.16 10.62 10.81
CD|N50 W| 22.10{ 14.20 16.93
DE| North | 18.83 l§.83
{EF[N48 E| 22.60| 15.12 16.80
| FG [N 253 W] 20.17] 18.20 8.68
GH| East | 26.57 26.57
HI [S 30} E| 22.86 J 1970 11.61
IK [S 44 W| 15.04{. 10.82 10.45
KL'S 47 E | 28.55 19.48{ 20.88| .
LB; 5.73 28.99 | *
| 66.35| 6.3 75.86| 75.86
As diff. of lat. of LB 5.73 S. - 0.75815
Istodep. do. 28.99 W, - 1.46225
So is rad. .- - 10.00000
, } 11.46225
To tang. of the bearing of LB, S.78° 4 W. 10.70410
As rad. - - - - 10.00000
Is to sec. of the bearing of LB 78° 49 10.71231
So is diff. of lat. ’do. 5.73 - 0.75815
11.47046
To length of LB 29.54 .

1.47046
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Now, having the bearings of the lines AB, LB and
AL, the angles contained by them may be found by the
rules given page 82. 'Then in the triangle ALB, all the
angles and oné side LB will be given to find the other

sides AB and LA.

AB,N51°15W. BA, S51° 15 E
AL N2 3 E BLN78#E

————

BAL=71 45 . 130 04

As sine of BAL 71° &g’
Is to sine of ALB 58° 19
So is LB 29.64 .

. A
‘To AB 2647 - -

. Assine of BAL 71° 45 -
Is to sine ABL 19° 56' .
SoisLB 20564 - -

14

To kA 23.80 - -

LB, S78°49'W

LA, S20 30 W _

ALB =58 19

9.97759
9.92991
1.47044

11.40032

1.42278

9.97769
9.88383
1.47044

11.354%4:

1.87665
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By.Rule 2.

Sta.| Courses. | Dist.. | N. 5. E. | W. |MDist. | NArea | 8. Area
_ . 7613 B _
AB|N 51"} W{ 26.47 | 16.56 20.65 | sagE | 12€0.7128 N
BC|S 453 W| 15.16 10.62 1081 457E 474.3054
CD|N 50 W | 22.10| 14.20 16.93| 1893 E Y 240.4060
. 0.00 .
DE| North, | 18.83] 18.83 om0 1
EF[N 48 E | 2260 15.12 16.80 I9B0E T 9540160
FG|N 255 W/ 20.13| 18.20 858| Jgaap | 453.5420
: i . * - 4281 E —*
GH mfmnu 26.57 . A 26.57 69.58 E
H1|S 303 E | 22.86 19.70| 11.61 e 1595.5030
IK|S 44 W | 1504 tos2|  [o4s| NP 888.8630
S
KL|S 47 E |2855] | 19482088 ek 1803.4584
LA|S 203 W/ 23.80 22.29 8.3a| 19012E 2343.1248
82.91| 82911 75.86| 75.86] | 2208.6788| 7105.3446
2208.6788

Area 244 A.3R.13P,

2)4896.6658

2448.3329 Ch.

i
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' PRACTICAL EXAMPLES.

T be calculated by eithker of the preceding Rules.

1. Given the boundaries of a tract of land as follow,

 wiz. 1st. 8 35°3 W, 11.20 ch. 2nd. N 45° W, 24.86 ch.

3rd. N 15°} E, 10.80 ch. 4th. S 77° K, 16 ch. 5th.
N 87°; E, 21.50 ch. 6th. S 60° E, 14.80 ch. 7th. South,
10.91 ch. 8th. N 85 W, 29.28 ch. to the place of be-
ginning; required the arez. = Jrs. 85 A. 3R. 17 P.
iy ‘Given the boundaries of a tmct of Tand as follow :
viz. 1st. N 19° E y27ch. 2nd. S77° E, 22.75 ch. 3rd.
S E, 2875 ch. 4ih. § 52° W, 14.50 ch. 5th. 8
15°; E, 19 ch. 6th. West, 17.72 ch. 7th. N 36° W,

" 44.75 ch. 8th. North, 16.07 ch. 9th.sN 62°'W, 14.88
. ch. to the place of begmmng, required the area.

‘&ns 152 A.2R. 6 P.

3. Required the area of a tract of land bounded as fol-
lows: ‘1st. 8 62° W.7.67¢h. 2nd. N 43°} W, 5.89 ch.
8rd. North, 5.82 ch. 4th. N 33°§ W, 8.83ch. 5th. N
48° E, 4.81 ch. 6th. N 12° E, 4.66 ch. 7th. N 62°} E,
5.27 ch. 8th. 8 6°} K, 5.60 ch. 9th. S 40°} E, 5.87 ch.
10th. East, 6.54 ch. 14th. North, 5.52 ch. 12th. N.
68°: E, 3.0 ch. 13th. S30°E, 7.90 ch. 14th. S 23°
W, 8.80 ch. 15th S 31°4 E, 6.42 ch. 16th. S 50° W,
8.40 ch. 17th. W, 6.85 ch. to the place of begin-
ning. "%,‘M/ Ans. 44A.2R. 18P.

4. Given the following field-notes to find the area of
the survey ; also the bearing and distance of the 3rd side,
which were omitted to be taken on account of obstacles
in the way.
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, Ch.
S. 85°1E. 23.30

1 ]
* 2. 8.19 E. 31.12

8. — @ —

4. N.64 W.29.72

5. N.15} W. 22.46

6. N.58 E. 25.94

v. 8. 273 E. 6.60 -

JAns. Area 182 A. 0 R. 21.7 P. and the bearing and
distance of the 3rd side S. 66° 23' W. 28.06 ch.

5. Being furnished with the field-notes of a tract of
land, and requested to calculate the area, I found, on
examining them, that the figures expressing the angles of
bearing of the 4th and 5th sides were so defaced as to be
111e51ble' but as the remaining data are suﬂcxent, the
area is required. The field-notes are as follow.

L]

' - Ch.

S. 60°2'W. 10.34
N.271 W.17.88
N.51 E. 1585
N. — E. g6t
8. — E. 19.48
S
S
N

.

.

. 16§ E. 22.2¢
. 71% W.16.66
713 W, 5.76

RSN

JAns. 81 A. 2R. 27 P.

SECTION 8.
Containing Off-setstnd Intorsee®ns.
OFF-SETS.

Off-sets are lines drawn or measured, perpendicularly
from a stationary line, to the angular points of the land
on either side.
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In taking surveys, bounded on some of their sides by
streams of. water, it is unnecessary to make a station at
every bend in the stream, because the field-work can be
taken, and the calculations made with more facility, and
with equal accuracy, by making use of off-sets.

Directions for taking Off-sets.

Take as many stations in the irregular boundary as
may be most convenicnt. Then take the bearing from
the first station to the second; and in measuring the dis-
‘tance stop against each bend in the stream and measure
the perpendicular distance from it* to the stationary line.
Note” the distance in the field-book as a right-hand, or
left-hand oﬁ'-set, according as the boundary lies on the

right, or 1éft of the stationary line ; also note against each
oﬂ-set, its distance from the begmmng of the stationary

line. If there be more than two stations, proceed in the
' same manner with the others.

Note. 1In calculating by off-sets, the irregular boun-
dary is considered as straight between the ends of each
two adjacent off-sets; there shoald therefore be so many
taken that this supposition may be made without any ma-
terial error in the survey.

To find the area contained between a stationary line and
an irregular boundary by means of gff-sets.

RULE.

- Subtraét the stationary distance of each off-set, from
that of the one immediately following; the remainders

® When the boundary is a brook or rivulet, it is customary to measure to the
middle of the channel ; but when it is a river in which the tide flows, the mea-
sure must be taken no farther than to low-water mark.
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will be the distances, intercepted on the sfationary line,
between each two adjacent off-sets respectively.

Multiply the sum of each two adjacent off-sets by thefx
intercepted distance on the stationary line; half the sum
of the products will be the area required.*

Note. 'The area of the 'oﬁisets must be added to, or
subtracted from, the area within the stationary lines, ac-
cording as the stationary lines on which the off-sets are
taken are within, or without, the boundary of the survey.

ExAMPLE 1. Fig. 82.

Required the area of a piece of meadow, bounded on 4

one side by a brook, the field-notes being as follow.
Left-hand off-scts on the 3rd side.

Sta Dist. Off sets.

Ch. No.. Ch. Ch.

1. N.16°E. 14.35 1. 0.00° 0.30
2.  East, v.88 2. 095 0.84
3. 'S. 31 W.1445 8. 203 086
4. N.86i W. 11.07 4. 8.28 0.50
. 5. ' 5.20 1.80

. 6. 743 2.35
Y., 8.98 1.45

o : 8. 10.46 1.08
9. 1471 1.85

10. 14.45 0.85

The area of the part ABCD within the stationary
lines will be found, by either of the rules in the.preceding
section, to be 13A. 1 R. 11 P.

* DeuonsTRATION.—Considering the boundary as straight between the
ends of each two adjacent off-sets, it is plain that the are contained between
the stationary line and boundary will be divided by the off-sets into trapezoids
and triangles. Hence the truth of the rule is évident. .

— e e Ph |
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To find the area of the gff-sets.

No.| StaDist. | Ofcect, | Intcreep. | Sumeiel | Products
1| 0.00{ 0.30 )
2| 095| 084 | 005| 1.14| 1.0830}
3| 208| 08| 108} 1.70| 4.8380
4| 828| 050 1.25| 1.36 | 1.7000
5| 5.20| t.80| 1.92| 230( 4.4160
6| 743 2.35 | 2.23 | 445 | 9.2545
y| 898 | 1.45| 1.55| 8.80 | 5.8900
81046 | 1.08| 148 | 253 | 37444
9)4t74 } 485| 1.25| 293 | 3.6625
10 | 1445 | 0.35 | 274 | 2.20| 6.0280 |
2)37.6144
18.8072 Ch.
=1 A.83R.21P.
, . A. R P
. Areaof ABCD . 13 1 11
Do. of offsets - 1 8 21
‘Whole area - 15 0 32
]

187
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ExAMrLE 2. Fig. 83.

Required the area of a survey from the following field
notes.

Left-hand Offsets.

. - 2nd Stationary Line. 4th Stat. Line.
. Sta. Dist. Off-sets. Sta. Dist. Off-gets.

‘ Ch. No. Ch. Ch. No. Ch Ch.
1. N.3 6°%W.80.00_ 1. 0.00 0.50 1. 0.00 0.55
2.N.5 6; E. 2160 2. 6.10 340 2. 4.20 2.50
3. N.206; E. 18.44 8. 10.15 38.10 8. 8.05 3.20
4. 8. 713 E. 1896 4. 11.08 396 4. 1515 245
5.S. 263 E. 1346 5. 19.20 270 5. 1846 0.50

6.8. 46 W.42.41 6. 21.60 0.55 sth Stat. Line.

3rd Stat. Line. i. 0.00 0.50
1. 0.00 0.55 2. 542 2795
2 1844 0.50 3. 10.00 1.90

4. 1846 0.70

The area within' the stationary lines, found by either
of the rules in the preceding section, is 1152.5381 square
chains, ,

To find the area of the off-sets.

2nd Stationary Line.

,

1] 0.00| 0.50

2| 640 340 640 3.90 | 23.7900
3|1045| 8.40| 4.05| 6.50 | 26.3250
4|14.08 | 896 | 3.93| 7.06 %;.7458
5119201 270! 542 | 6.66 | 34.0992
6 | 21.60 | 0.06 | 240 | 3.25| 7.8000

’
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3rd Stationary Line.

wo.| et | Oee® | "hicP | Offaess | Products

4| 000 055
13.44 | 055 | 1844 | 1.10 | 14.7840

‘ 4th Stationpry Line. ‘

1| 0.00| 0.55 .

2| 420 250 4.20| 3.05| 12.8100

8| 805| 320, 385 570 | 21.9450

4| 1645 | 245 | 7.0 5.65 | 40.1150
"5 18.96 | 050 | 381 | 295 11.2395

~ sth Stationary Line.

1] 000| 0.50 |, ,

2! 542! 275 | 542 | 3.25 |16.6400

311000 1.90] 4.88| 4.65 | 22.6920

4|1346 | 070{ 846 | 260 | 89960
4 o 2)268.9815
Area of the off-sets - . 734‘.-19075 Ch.

Area within the stationary lines 1452.5381

—— S——

1287.02885 Ch.

128.702885 Acr.
4

2.811540
40
32.46160
Area of the survey, 188 A. 2R. 38 P.
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EXAMPLE 8.

Required the area of a meadow from the folowing
field notes.

Left-hand off-sets on the 2nd side.

.‘- ° Sta. Dist. Offaets,

Ch. No. ' Ch. Ch,

1. N.41°1E. 14.35 1. 0.00 0.38
e, 8. 42¢ K. 1471 2. 2.65 2.35
8 S.54 W.1632 , 3. 380 1.70
4. N.3%8 W.141.50 4. 6.0 75
6. %7.50 1.40

6. 9.60 8.20

v. 1238 72

8. 1471 0.42

JAns. Area 283 A. 3R. 27P.

EXAMPLE 4.

The following field-notes are given, to ind the area -
of the survey.

Left<hamgd Off-sets.

On the 1st side. On the 2nd side.

Sta. Dist. Off.sets, Sta. Dist. Off-sets,
Ch. Ch. No. Ch. Ch,

0.00 044 1. 0.00 0.31
3.80 200 2. 267 294
7.04 379 3. 6.20 262
9.87 231 4. 9.38 0.39
19.00 5, 13.24 8.00

6. 16.14 0.31

JAns. 56 A. SR 19P

8
e
o =~ ©
gt
wooo W2

AP
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INTERSECTIONS.

When all the angles of a field, or small tract of land,

ean be seen from two stations, either within or without
it, the area may be found by means of intersections. The

. method of dving this will be best explained by an ex-
ample.

' EXA)[PLE A.

Let ABCDEFGA, Fig. 84, represent a field, all the
angles of which can be seen from two stations H and I
without it. The bearing and distance of the stations, and
the bearings of all the angles of the field, from each sta-
tion, being as follow, it is required to find the area.

The station H bears from the sta.tlon I, North, dist:
28 Ch.

/| Bearings. | Bearings.
HA |S. 81°3E.|| IA |N.28%E.
HB (8. 85: E.| IB | N.48: K.
HO |S. 68 E. | IC |N.51s E.
HD (8. 68: E.| ID |N.71 E.
HE |S. 853 E. | IE | 8. 82; E.
HF |8. 281 E. | IF | N.73i E.
HG |S. 40 E.| 16 |N.60 E.

Construction.

Draw HI according to the given bearing and distance,
and frem the poiats H and I, draw HA, HB, HC, &c.,

tn e
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and A, IB, IC, &c. according to the given bearings;
then will the intersections A, B, C, &c. of the corres-
ponding bearings HA and TA, HB and IB, HC and IC,
&c. be the angular points of the field.

Calculation.

In each of the triangles IHA, THB, THC, &e., we
have the side IH, and from the bearings of the sides, we
have all the angles, to find the sides IA, IB, IC, &c.

Then in each of the triangles IAB, TBC, ICD, &e.,
we have two sides apd the included angle; whence the
areas may be found by prob. III, sect. 1.

From the sum of the areas of the triangles IAB, IBC,
ICD and IDE, which is equal to the area IABCDEI,
subtract the sum of the areas of the triangles 1AG, IGF
and IFE, which is equal to the area IAGFEI, the re-
mainder will be the area of the field ABCDEFGA.

Note. In working the proportions for finding the sides
1A, IB, &c., it will be unnecessary, when the area only .
is required, to take out the natural numbers correspond-
ing to the logarithms of those sides ; because in the pro-
portions for finding the areas it will be sufficient to know
the logarithms of the sides, without knowing their real
lengths. ‘

To find the log. of TA. |
 Assin. HAT70°00 - . 9.07%09
: sin. AHI 81 30 - - 9.99520
:: TH 28 - - - 1.44716

11.44236
:JIA - - - log. 1.46937
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To find the log. of 1B.

As sin. HBI 52° 00/ ; . 9.89658

: sin. BHIS8545 _ - .- . .9.99880

- . IH 28 - - - . 144716

| © 11.44596

: 1B - - - log. 1.54948
To find the log, of IC.

'As sin. HCI 60° 30/ - .. .9.93970
: sin. CHI 68 00 - - 996717
:: TH 28 - - 144716

11.44433
.
: 16 ., - log. 147463
T find the log. of ID.

As sin. HDI 60° 45’ - 9.88896
: sin. DHI 568 16 - - 9.92060
< IHe28 - - - 1.44716

" | 4437676
: Ii)_ - . log. 1.18750
" o find the log. of IE.

‘As sin. HEI 47° 00’ . 9.86443
« sin. EHI 35 30 - - 9.76395
2 IH28 - . - - 1.447716

. L adetae

: IE - - log. 13.4698

143
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will be the distances, intercepted on the sfationary line,
between each two adjacent off-sets respectively.

~ Multiply the sum of each two adjacent off-sets by thei.r
intercepted distance on the stationary line; half the sum
of the products will be the area required.*

Note. 'The area of the off:sets must be added to, or
subtracted from, the area within the stationary lines,.ac-
cording as the stationary lines on which the off-sets are
taken are within, or without, the boundary of the survey.

exampLE 1. Fig. 82,

Required the area of a piece of meadow, bounded on
one side by a brook, the field-notes being as follow.

Left-hand off-scts on the 3rd side.

o Sta. Dist. Off-sets.

’ Ch. No. . Ch. Ch.

1. N.16%E. 14.35 1. 0.00° 0.30
2.  East, 7.82 2 095 084
3. S. 3t W.1345 8. 203 086
4. N.86i W. 11.07 4. 38.28 0.50
5. ' 5.20 1.80

. 6. 743 2.35
7., 8.98 1.45

b " 8. 1046 1.08
9. 417 1.85

10, 14.45 0.35

The area of the part ABCD within the stationary
lines will be found, by either of the rules in the.preceding

section, to be 13 A. 1 R..41 P.

* DemonsTrRATION.—Considering the boundary as straight between the

ends of each two adjacent off-sets, it is plain that the arew contained bétween
the stationary line and boundary will be divided by the off-sets into trapeaoids
and triangles. Hence the truth of the rule is évident. X
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To find the area of the off-sets.

187

No.| Sta Dist | Oftscts, | Inorsep | Offeets, | Products |
1| 0.00| o0.30 )
2| 095( 0.84| 095 1.14 " 1.0830}
38| 203| 086| 108! 1.70| 4.8360
4| 8.28| 050 | 1.25 | 1.36 | 1.7000
5| 520 | 1.80| 192 | 2.30| 4.4160
6| 743 | 235| 223 | 415 | 9.2545
7| 898 | 145| 1.55| 3.80 | 5.8900
B|1046 | 1.08| 148 | 2.53 | 8.7444
9|4ty1 | 1.85| 1.25| 293 | 3.6625
10 | 1445 [ 035 | 274 [ 220 | 6.0280]
2)37.6144
18.8072 Ch.
={ A . 83R.21P.
‘ ' A. R. P
. Areaof ABCD - 13 1 114
Do. of offsets - 4 38 21
‘Whole area - 15 0 32

-
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ExAMpPLE 2. Fig. 83.

Required the area of a survey from the following field

notes.

Left-hand Offsets.

. - 2nd Stationary Line. 4th Stat. Line.
. Sta.Dist. Offsets. Sta. Dist. Offsets.

Ch. No. Ch. Ch. No. Ch. Ch.
1. N.36°3'W. 80.00 4. 0.00 050 1. 0.00 0.55
2. N.46: E. ®1.60 2. 640 840 2. 420 250
3. N. 26 E. 1344 3. 10145 3.10 8. 8.05 3.20
4. 8. 713 E. 1896 4. 11.08 896 4. 1515 245
5.8. 26 E. 13846 5. 19.20 270 5. 1846 0.50

6.S. 46 W.4244 6. 24.60 0.55 sth Stat. Line.
3rd Stat. Line. 1. 0.00 0.50
4. 000 055 2. 5.13 275
2. 1344 0.660 3. 10.00 1.90
4. 1346 050

'The area within' the stationary lines, found by either
of the rules in the preceding section, is 1152.5381 square

chains,
To find the area of the off-sets.
, 2nd Stationary Line.

o Oﬂé?,m o | Ofsess, | Products.
" 4] 000| 0.50

2| 6.40| 340 ) 6.40| 3.90 | 28.7900
3| 1045 | 840 | 4.05| 6.50 | 26.3250
4| 14.08 | 3.96 | 3.93 | 7.06| 277408
5|1920{ 270 542 6.66 | 31.0092
6 | 21.60 | 0.55| 2.40| 3.25

7.8000

. a3, 4
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3rd Stationary Line.

No.| et | O | e | O | roducs.
| 0.00 | 0.55
13.44 | 0.55 | 1844 | 1.10 | 14.7810
_ 4th Staiionpry Line. 3
1] 0.00| 0.55
2| 420 250 | 420 '3.05| 12.8100
8| 805| 320, 385 | 570 | 21.9450
4| 1545 | 245 | 7.40| 565 40.1150
514896 | 0.0 | 3.81| 295 11.2305
~ 5th Stationary Line.
1] 0.00| 050 /
2! 542 275 | 542 3.25 |16.6400
3110.00 | 1.90 ] 488 | 4.65 | 22.6920
4|1346 | 070{ 846 | 2.60 | 89960
o 2)268.9815
Area of the off-sets - - 134.49075 Ch.

Area within the stationary lines 1452.5384

O — v} S————

1287.02885 Ch.

128.702885 Acr.

4

' 2.811540

L ~ 10
‘ ' 32.46160
Area of the survey, 128 A. 2 R. 32 P.
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Required the area of a meadow from the foHowing

field notes.
Left-hand off-sets on the 2nd side.
“ ° Sta. Dist. Offacts,
Ch. No.©  Ch, Ch.

1. N.41°1E. 14.35 1. 0.00 0.38
2 8. 42¢ K. 1471 2. 2.685 R.35
3. 8.5 W.16.32 . 3. 3.80- 1.70
4. N.3% W.141.50 4 6.Q0 275
5.0 7.50 1.40

6. 9.60 3.20

7. 1238 S Mre ]

8. 1471 0.42

JAns. Area 2 A.3R. 27P.
EXAMPLE 4.

The following field-notes are given, to find the area -

of the survey.

EXAMPLE 8.

Left-haggl Off-sets.

On the 1st side. On the 2nd side.
Sta. Dist. Off-sets, Sta. Dist. Off-sets,

No Ch Ch. No. Ch
1. 0.00 0.44 1. 0.00
R 380 2.00 2. 267
8. 7.04 379 3. 6.2
4 987 2314 4. 9.38
5. 13.24 3.00

6. 16.44 0.31

Ch
0.34

2.94
2.62
0.39

Ans. 56 A. 2 R. 19P.

iy
_sadaliR .
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INTERSECTIONS.

‘When all the angles of a field, or small tract of land,
ean be seen from two stations, either within or without
it, the area may be found by means of intersections. The

. method of doing this will be best explamed by an ex-

ample.
" EXAMPLE 1.

Let ABCDEFGA, Fig. 84, represent a field, all the -
angles of which can be seen from two stations H and I
without it. The bearing and distance of the stations, and
the bearings of all the angles of the field, from each sta-
tion, being as follow, it is required to find the area.

The station H bears from the sta.tmn I, North, dist:
% Gh.

/| Bearings: | Bearings.
HA |8S. 813 E.|| IA |N.28%4E,
HB |S. 85; E,|| IB |N.42¢ E.
HC |8. 68 E.| IC |N. 513 E.
HD (8. 68: E.| ID {N.71 E.
HE |S. 35; E. || IE | 8. 82, E.
HF |8. 23 E.| IF |N.73i E

HG |8. 40 E.| 16 [N.60 E.

Construction.

Draw HI according to the given bearing and distance,
and frem the poists H and I, draw HA, HB, HC, &c.,
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and IA, IB, IC, &c. according to the given bearings;
then will the intersections A, B, C, &c. of the corres-
ponding bearings HA and IA, HB and IB, HC and IC,
&c. be the angular points of the field.

Calculation.

In each of the triangles IHA, THB, THC, &e., we
have the side IH, and from the bearings of the sides, we
have all the angles, to find the sides IA, IB, IC, &e.

" Then in each of the triangles IAB, TBC, ICD, &e.,
we have two sides and the included angle; whence the
areas may be found by prob. III, sect. 1.

From the sum of the areas of the triangles IAB, IBC,
ICD and IDE, which is equal to the area IABCDEIL,
subtract the sum of the areas of the triangles 1AG, IGF
and IFE, which is equal to the area IAGFEI, the re-
mainder will be the area of the field ABCDEFGA.

Note. In working the proportions for finding the sides
IA, IB, &c., it will be unnecessary, when the area only .
is required, to take out the natural numbers correspond-
ing to the logarithms of those sides ; because in the pro-
portions for finding the areas it will be sufficient to know
the logarithms of the sides, without knowing their real
lengths. .

To find the log. of TA. |
Assin. HAT70°00 - - 9.07309
: sin. AHIS1 80 = - - 9.99520
:: TH 28 - - - 1.44716

1144236

e ——————

:IA - - - log. 1.46937
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To find the log. of 1B,

As sin. HBI 52° 00/ - - 0.89658
: sin. BHI8545 _ - -  9.99880
:: TH 28 - -. - 144716

11.44596

" IB . - log. 1.534943

To find the log, of I1C.

'As sin. HCI 60° 30/ . .. .9.93970
: sin. CHI 68 00 - - 9.96717
:: TH 28 . - 444716
| 11.44483
: IO -, - log. 1.47463

To find the log. of ID.

As sin. HDI 60° 45 - 9.88896
: sin. DHI 68 15 - - 9.92960
:: TH 28 - - - 1.44716

' | 1437676
: ID - . log. 1.48780
" To find the log. of TE.

As sin. HEI 47° 00/ - 9.86443
< sin. EHI 385 30 - - 9.76395
wJH28 - . - - 1.44716

. YT
: IE - - log. 184698

148
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To find the lag. of IF,

As sin. HFI 78° 00/ - 909040
: sin. FHI 88 30 - - 0.67566
«s TH 28 - . - . 1.44716

11.12582
: IF - . log. 1.1304%
To flnd the log. of IG. |

As sin. HGT 80° 00/ - 9.99335
: sin. GHI 40 00 - - 9.80807
= IH®28 -, . . 1.44716

11.26623
: I6 - -, log.. 1.26188

To find the double area of the triangle IAB.

As rad. ) . . 10.00000
: s AIB4% 46 - -  9.37600

IA . - log. 1.46937

= 1AXIB, 318 LT s
. s[AB 2482 . . 2.30480

To find the dondle area of the triangle IBC.

Aswd. © - - - 10.00000
. sin. BICO° 15 - . 020048
1B - - log. 1.64943

= IBxIC, {IG o E e

+ o JBC 169.9 - - < 2.23019
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To find the double area of the triangle ICD.

As rad. -
"¢ gin. CID 19° 30’

E$ IGxID,{ID i

: 2.I6D 306.45

log-.‘

10.00000
9.52350
1.47463

1.48780

248593

To find the double area of the triangle IDE.

- As rad. -

: -sin. DIE 26° 30’

:;mxm,{'{g )

: 2.IDE 305.007

-

log.

.

10.00000

9.64953
1.48780
1.34698

248431

To find the double crea of the triangle IEF,

Asrad. = -
: sin. EIF 24° 00

: IExXIR, }%,

: 2.IEF 128.511

As rad. -

: sin. FIG 43° 30

JF

H IFxIG, 16

: IFG 58.274 |

*

10.00000
9.60931
1.84698
1.13542

—————

2.09171

~ To find the double area of the’triangl’e IFG.

10 00000
9.36818
1.13542
1.26188

1.76518

495
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TV find the double area of the triangle IAG.

A. “do - hd - 10.0“)(»
i sin. AIG 31° 30/ . 9.71809

IA . log. 1.46937

:: JAXIG, {IG . . -~ 1.26188

s £IAG 284.418 - . $2.44034

Ch. Ch.

2.JAB . 282 . 2IEF 128.514

. 2IBC . 169.9 . ' oIFG 88.274
2ICD -  806.15 2. IAG 281.412

2.IDE . 805.00y :
o —_— S.JAGFEIL 463.197

2 JABCDEI  1029.267

3. JAGKFEP 463.197

———

2.ABCDEFGA 566.060

Sn—————

. ABCDEFGA  283.08 Ch. =28 A. 4R.SP.

The bearings and distances of the sides, if required,
might readily be obtained. Kor, having found the dis-
tances [A, IB, we have in the triangle 1AB, two sides
and an included angle; whence the angle IAB and side
AB may be found. The angle IAB applied to the bear-
ing of IA, will give the bearing of AB. In the same
manner the bearings and distances of the other sides may
be found.

EXAMPLE 2.

Being required to calculate the area of a field, the
owner of which refuses permission to go on it, I choose
two stations, F' and G, in the adjacent land, from whence

»
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all the angles of the field are visible. The bearing and
_ distance of the stations, and the bearings of the angles,
from each statmn, are as follow. What is the area of
the ﬁeld?

o

The station G bears from the station F N 43° W
20ch.

Bearings. || . Bearings.

FA |N. 25 E. | 6A | 5. 66°E.

FB [N. 19 W. || GB | N. 23 E.

FC [N. 5 W.| 6C | N. 351 E.
FDN. 16 E. | GD |N.60; .

FE I¥. 60s E. “ GE|S. 81 E.
dns 33A. ‘Rc7P¢




LAYING OUT AND DIVIDING LAND.

PROBLEM 1.
To lay out a given quantity of land in a square form.
RULE. -

Reduce the given quantlty {o chains or perches and
extract the equare root, which will be. the Jength of a
slde, of the same denomination to which the given quan:

tity is reduced.
EXAMPLES.

1. Required the side of a square that shall contain

9A.3R.28P.
. 40)28Per

437 RB.

9.925 A. = 09.25 Ch.
. ch. ,
99.25(9.96 Ch. the length of a side.
81

n———

189)1836
1704

1986)12400
11916

484

L P T
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2. Requlred the side of a square tract of la.nd that -

shall contain 325 acres; Ans. 57 Chains.

' PRGBLEM II

To lay out a gwen quantzty of l«md in a rectangular
Jorm, h amng one side given.

v RULE.,

Divide the given content by the length of the given

* gide, the guotient will be the length of the mqumd side.

HL PR L

’ '
’ x EXAMPLES

' 4. Ttis required to lay ‘out 420 acres in a rectangular ‘
form, the length of one side being given, ‘equal 400

perches. T

Acres. i PR o
420 L I
i . Vo .

40

1,00)192,00

_ 192 perches, the length of the other side. -

. 2 The length of a rectangula.r pxece orf land is 8
chains; what must be its breadth, that the content may
be & acres. Ans. 6.25 chains. ,
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PROBLEM III.

To lay out a given quantity of lend in a rectangular
Jorm, having the length to the breadth in a given
"'“tm- RS BN .

RULE,

As the less number of the given ratio,
. Isto the greater;
" 8o is the given area, ' "

Pg .

To a fourth term.* -

t

The square root of this fourth term will be the length
required. Havmg the length, the breadth may be found
by the preceding problem. Or i may be found in the
* same manuer as the length. Thws,

As the greater number of the given ratio,
_ Is to the less;

So is the given area, o

To a fourth term.

"'The square root of this fourth term will be the breadth
required.

EXAMPLES.

1. Tt is required to lay out 864 acres in a rectangular
form, havmg the length to the breadth in the ratio of 5
to 8. ,

i

® DemonsTRATION. Let ABCD, Fig. 85, be a rectangle, and let ABFE and
AHGD be squares on the greater and less sides respectively: then (1.6) AD :
AE (AB) : the rectangle AC : square AF. Also AB : AH (AD) :: the rectan-
gle AC: : square AG. Hencethe truﬂxofthemlemmdem
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864 A. -1882401’
TN ) Sq P ~ Sq.P.
. As 35 188R40 : 880400 . -
/280400 == 480 Perches, the length required.
Sq. P. Sq. P.

As 5: 3 438240 : 82944 :
V82044 = 288 Perches, the breadth required.

3. 1t.is required to lay out 27 A. 3R. 20 P. in a rect-
angular form, having the length to the breadth in the
ratio of 9 to 7. Jns. Length 75,7235 P. Breadth
58.897 P. '

. PROBLEM IV.

To lay out a given quantity of land in a rectangular
Jorm, having the length to exceed the breadth by a given
difference.

RULE.

To the given area, add the square of half the given
difference of the sides, apd extract the square root of the
sum ; to this root add half the given difference for the
greater side, and subtract it therefrom for the less.*

® DemonsTrATION. Let ABCD, Fig. 86, be a rectangle; in DC let DE be
taken equal DA or BC, and 1€t EC be bisected in F; then (6.2) DF2=DC X DE
+4FC2=DC X AD+FC2=the rectang-le AC+-the square of Half the difference

" of the sides DC, DA; also DF4-FC==DC, the greater side,and DF~FC=DE or
DA, the less side.

This problem may be neatly constructed thus: take EC equal the given dif-
ference of the sides and bisect it in F; make EG perpendicular to EC and equal
to the square root of the given ares, and with the centre F and radius FG de-
scribe the arc DG-meeting CE produced in D; make DA perpendicular to DC
and equal to DE, and complpte the rectangte ABCD, which will be the one re-
qmred. Since (47.1.) FG#==EGS 4-EF 3==the given area~-the square of half
the given difference of the sides, the truth of the construction is plain from the
precedmg demonstration.
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EXAMPLES,

1. Tt is required o lay out 47 A. 3 R. 16.P. in a rect.
angle, of which the length is to exceed the breadth by 89

perches.

- 2)80 P. 47 A. 2R. 16 P. =616 Per.

— . ' 41600 -
40 —_

- | . V9216 = 96
—_— half diff. add and subtract 40
1600 _—

length 136

- : ' breadth —;t;

2, It is required to lay out 144 A. ® R. 834 P.in a
reetangular form, having the length to exceed the breadth
by 16.10 chains. Jns. Length 42.25 Ch. Breadth
27.15 Ch. ' :

PROBLEM V.
To lay outa given quantity of lund in the form of a trian-

gle or parallelogram, one side and an adjacent angls

being given.

RULE. ¢

For a triangle.
As the rectangle of the given Side and sine of the
given angle, - 4 :
Is to twice the given area
So is radius, 4 .
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